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1. Logic, sets and functions

When dealing with mathematics in the field of
engineering we first need to get a common un-
derstanding on the basic concepts. Some (or
even most) of the material presented here may
be already familiar to you. In any case we must
define a common language to express more ad-
vanced concepts later on.

1.1. Logic

Definition 1.1 (Statement). A statement is a
sentence with the following properties:

1. It states a fact.

2. It is either true or false.

Example 1.1.

1. Christmas is in December. v/
(states a fact and is true)

2. Bonn is the capital of Germany. v
(states a fact and is false)

3. Are you hungry? X
(doesn’t state a fact)

4. 1 shave every man in my village. v/
(states a fact and is true or false)

5. I shave every man in my village who
doesn’t shave himself. X
(states a fact but is impossible to resolve)

6. This statement you are reading is a lie. X
(states a fact but is impossible to resolve)

<

Remark: For convenience we often write 0 for
false and 1 for true.

Definition 1.2 (Compound statements). Let a
and b be statements, then we form the following
compound statements:
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name in words notation
negation “not a” a or —a
conjunction  “a and b” aNbd
disjunction  “a or b” aVb
implication  “a implies b’ a=bor a—b
equivalence  “a equals b a<bor a<>b

and define them by the following truth table:

a bla anb aVb a=b asb
0 01 0 0 1 1
0 1|1 0 1 1 0
1 00 0 1 0 0
1 110 1 1 1 1

<

Example 1.2. As an example for implication
let us look at the following statement: “If it
rains the street will be wet.” It may be written
in the following table:

weather street ‘ statement is
not raining not wet true
not raining wet true

raining not wet false

raining wet true

It appears unfamiliar that the first two rows
support the statement and that only the third
row results in false. However, the statement
does not state that it does not rain or that the
street might not get wet by some other means.
Hence, the statement remains true except for
the combination of rain and a dry street. <

Definition 1.3 (Necessity and sufficiency).

A sufficient condition of a statement to be
true assures the statement is true too. l.e. a
sufficient condition implies the statement.

sufficient condition = statement

A necessary condition of a statement must be
true for the statement to be true too. l.e. the
statement implies the necessary condition.

statement = necessary condition



Example 1.3. We go back to the previous ex-
ample: “If it rains the street will be wet.” The
rain is a sufficient, but not necessary condition
for the street to be wet. Pouring out a bucket
of water has the same effect without rain ...

“You need a chequerboard to play chess.”
Having a chequerboard is a necessary but not
sufficient condition to play chess. You also need
16 chessmen, a second chess player etc.

The date October third is a necessary and
sufficient condition for the German Unification
Day. l.e. “If the date is October third we have
the German Unification day.” and “On the Ger-
man Unification day we have October third.” <

Remark: If a statement has a necessary and
sufficient condition, then statement and condi-
tion are equivalent:

condition < statement

Another term is if and only if, in short iff.

Definition 1.4 (Associativity). If for a binary
operator ® we have

(a@b)@c=a® (o) for all a,b, c

we say the operator ® is associative, i.e. it fulfils
the law of associativity. <

Remark: We used the term binary operator.
It is an operator that requires two operands.
E.g. the operator '+’ for addition requires as
operands two summands.

In contrast an unary operator requires only
one operand. E.g. the operator /- for the
square root needs only the radicand as its
operand.

Definition 1.5 (Commutativity). If for a bi-
nary operator ® we have

a®b=b®a for all a,b

we say the operator ® is commutative, i.e. it
fulfils the law of commutativity. <

Definition 1.6 (Distributivity). Let ® and &
be binary operators. We say the operator ® is

left-distributive over @ if

a®bdc)=a0bBdade for all a, b, ¢

right-distributive over @ if
bdc)Oa=boadcOa

for all a, b, c

distributive over & if it is left- and right-
distributive over @. l.e. the operator ful-
fills the law of distributivity over &.

<

Remark: If the binary operator ©® is commu-
tative the three definitions for distributivity are
equivalent.

Remark: For this section the three arguments
a, b and c of the last three definitions repre-
sent logic statements which are true or false.
However, depending on the operators under in-
vestigation the arguments may be elements of
other sets like the set of real numbers R. We
will learn more about sets further down in this
chapter.

Theorem 1.7 (Laws on logic). Let a, b and ¢
be statements, then we have:

1. Associativity:

(anb)ANc=aN(bAc)
(avb)Ve=aV (bVc)

2. Commutativity:

aANb=bAa
avVb=bVa

3. Distributivity over A and V:

aV(bAc)=(aVb)A(aVec)
aN(bVe)=(anb)V(aAc)

4. Double negation:

5. De Morgan’s laws:

S
>
Sy
Il
Q|

IS
<
S
I
Q|
> <
S o

6. Implication and indirect proof:

a=b=aAb

(See next remark for an explanation.)

February 26, 2022



Proof. All listed laws may be proved by truth
tables. Exemplary we prove the first law of De
Morgan:

a b‘d b aAb aAb aVb
0 01 1 0 1 1
0 1{1 0 0 1 1
1 0]0 1 0 1 1
1 170 0 1 0 0

The last two columns are equal, hence, the first
law of De Morgan holds. O

Remark: The implication is often used for the-
orems: “If statement a holds then statement b
holds too.” For a false statement a the implica-
tion is true for any statement b. Hence, to prove
such theorems we focus on a true statement a
and look at statement b.

A common way to prove a theorem based on
an implication is to perform an indirect proof.
I.e. we assume that statement a is true and
statement b is false. If we then find out that
this assumption leads to a contradiction then
the original theorem is true.

a bla=b aAb aAb
0 0 1 0 1
0 1 1 0 1
1 0 0 1 0
1 1 1 0 1

Example 1.4. Indirect proof.

Theorem: p € Q = p> # 2, ie. if pis a
rational number then p? can not be 2. (L.e. the
square root of two can not be expressed by a
fraction of integers: v/2 ¢ Q)

Here statement a is p € Q and statement b is
p? # 2. Instead of proving that a = b (or a A b)
is true we prove that a A b is false.

Proof: Suppose there is a rational number p
and that p? = 2. Since for statement b the sign
of p plays no role we focus on positive rational
numbers only.

p being rational means there are natural num-
bers m,n € N such that p = % and we can
assume that m and n are not both even. (Oth-
erwise we can cancel all common 2’s.) Then we
have

and thus m? = 2n?

Hence m? is even. If m? is even then m is also

even. (The square of an odd number is again
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odd.) With m even we can write for k € N:
m? = (2k)? = 4k* = 2n® and thus n? = 2k*

Hence n? and subsequently n is even. le. m
and n are both even which is a contradiction to
our assumption. Hence, since (p € Q)A(p? = 2)
is false we find p € Q = p? # 2 is true. <

Definition 1.8 (Quantifiers). In addition to
the above specified logical operators with one
or two arguments we have the so-called quanti-
fiers with a variable number of arguments:
universal quantifier:

Vo : “for all z”
existential quantifier:

Jz : “there is (exists) an z” <

Example 1.5.

1. Vx:z+1=1+42z, xz€N
(Commutativity of addition for any natural
number with 1.)

2.Vx Jy:y>2x, x,y€eN
(There is always a larger natural number.)

3.Ve:z#V2, z€Q

(v/2 is an irrational number.)

<

Example 1.6. We apply De Morgan’s laws on
an arbitrary number of statements xy, k € N:

o Vi, & 3T
E.g. the statement “Not all apples taste
well” equals the statement “There exists an
apple that does not taste well.”

e dz, & V7
E.g. the statement “There does not exists
an elephant that can fly” equals the state-
ment “All elephants cannot fly.”

1.2. Sets

Definition 1.9 (Sets). Georg Cantor (1845 -
1918):

A set is “a collection of certain well
defined objects of our perception or
thinking.”



The objects contained in a set are called ele-
ments of the set. For an element x and a set M
we write

reM
x¢ M

if z is an element of M

if x is not an element of M

The sequential arrangement of the elements
does not change the set. Every element appears
only once in a set. <

Example 1.7.

{a,b,c,d} is a set.

{a,b,c,c} is not a set.

{a,b,c} = {a,c,b} = {b,a,c} = {b,c,a} etc.
<

Remark: In order to define a set M, there are
two different ways:

1. Extensional definition: We itemize all ele-
ments of the set.

M = {al,ag,ag, .. }

2. Intensional definition: We define the set by
its characteristic properties.

M = {x | x with properties E1, Fa, E3, ...}

Example 1.8. Extensional definition of sets:

M; ={0,1} (set of boolean values)

My = {%, &, &} (colours of playing cards)

Ms ={a,b,c,...,z} (lower case alphabet)

My =1{2,4,6,8,...} (positive even numbers)
Z=A...,—-2,—-1,0,1,2,...} (set of integers)

With these sets we have:

0€ M, 2¢ M,
O € Mo, 1 ¢ Mo,
a € Ms, A ¢ Ms,
4 € My, 5¢ My,
1eZ, 1.5 ¢ Z.

<

Example 1.9. Intensional definition of sets:

My ={x€Z|x=2kkeZ} (even numbers)
My ={x €N|z=k?keN} (square numb.)
My={zcR|z*>—4x+3=0}

My={zeQ||z| <2}

With these sets we have:

—4 € My, 3¢ M,
9 € Mo, -9 ¢ M,
1€ M;, 2 ¢ Ms,
2e My, V2 ¢ M.

<

Remark: The term = € M has a logical result

which is either true or false and we have:
reEM=x¢M and x¢M=xeM

L.e. an element x either belongs to a set M or
not — there is nothing intermediate.

Definition 1.10 (Subsets, equal- and empty
sets). Let A and B be sets.

e We say A is a subset of B if every element
of A is also an element of B:

ACB & Vi:xeA=zxz¢€B

o We say A equals B if every element of A is
also an element of B and vice versa:

A=B & Vex:zcAszeB
o. A=B & ACBABCA

(Obviously, A # B means A = B)

e We say A is a proper subset of B if A is a
subset of B but A does not equal B:

ACB & ACBAA#B

e We say A is an empty set if it contains no
elements:
b={}

<
@ B ACB
Example 1.10. With A = {1,2,3}, B =
{1,2,3} and C' = {1,2,3,4} we have
A C B, A=B, AcCC
An empty set:
{zreR|2>+1=0}=0
<
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Definition 1.11 (Union, intersection, comple-
ment). With A and B being sets and U the set
of all possible elements we define the following
operators:

AUB={z|z € AVz e B}

(union)
ANB={z|z€ ANz e B} (intersection)
(
(

A\B={z|ze€ ANz ¢ B}
A =A={z|zeUAz¢ A

complement)

<

@
2

e
D
Sy
S
-
Sy

N
0
o

Remark: For A\ B read “complement of A
to B”. The absolute complement equals the
complement of U to A:

A-U\4

Theorem 1.12 (Laws on sets). Let A, B and
C be sets, then we have:

1. Associativity:

(ANB)NC=AN(BNCO)
(AUB)UC =AU (BUCQ)

2. Commutativity:

ANB=BnNA
AUB=BUA

3. Distributivity over N and U:

AN(BUC)=(ANB)U(ANC)
AU(BNC)=(AUB)N(AUC)

4. Double absolute complement:

A=A
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absolute compl.)

5. De Morgan’s laws:

NS
c| D
& &
Il
S
% &

@

AUB=ANB

9

ANB=AUB

Proof. The proof is performed by the elements
of the sets. Exemplary we prove the first law of
De Morgan for any =z € U.

rcANBeax¢ (ANB)s2c (ANB)
& (xre A)N(x € B)
sreAVzeB
o (@¢ AV (z¢B)
& (xreA)V (x e B)
s x € (AUB)

1.3. Functions

Definition 1.13 (Cartesian product).

Let My, Ms, ..., M, be sets, then the set of
all n-tuples (a1, as,...,a,) where a; € M; for
1 =1,...,n is called the Cartesian product of
My, Ms, ..., M, and is denoted by M; x My X
coo X My, ie.

My x My x ... x M,
={(a1,a2,...,an) |a; € M;,i=1,...,n}

<

Remark: The tuple-elements of a Cartesian
product are ordered, e.g. for an Cartesian prod-
uct of two sets we have:

(a1, a2) # (az,a1)

I.e. for two sets A and B we have
AXxB#BxA

unless A and B are equal.



Example 1.11. Each card of the 52 cards of
a standard playing card set (excluding jokers)
has a rank (2, 3, 4, 5, 6, 7, 8, 9, 10, jack, queen,
king or ace) and a colour (&, &, Q. $).

With rank
R=1{2,3,4,5,6,7,8,9,10,J,Q,K, A}
and colour

C={%4073}

we may look at the playing cards P as the
Cartesian product of R and C:

P=RxC :{(27*% (27 *)7 (27 @)7 (2’ <>)7
(3,%),(3,8),...,(4,9),(4,0)}

<

Example 1.12. All possible positions in a
three dimensional space R3 may be described
by the Cartesian product of three sets of real
numbers R:

RI=RxRxR= {(I1,$2,$3) |$l ER} <

Definition 1.14 (Binary relation). With A and
B being sets we call

RCAxB
a binary relation. <

As the name binary relation suggests it de-
scribes the relation between two sets only.

Example 1.13. Let x and y be natural num-
bers. The term z > y may be looked at as a
binary relation R which is a subset of N x N:

R={(z,y) |z >y,z e N,y e N}

={(1,1),(2,1),(2,2),(3,1),(3,2),(3,3),...}
CNxN

and we get

(r,y) e R < x>y

|

<~

LW
L
LU »
L&
L@

R e I N A

<

Definition 1.15 (Function). Let A, B be sets,
R C A x B be a binary relation and let R be
such that

L. for all # € A there is a y € B such that
(z,y) €R
2. lf (l’,yl), (1:73/2) S R then Y1 = Y2.

If 1 and 2 are satisfied, we can interpret R as a
function f: A — B.

We call A the domain and B the codomain.
Instead of writing (x,y) € R we write z — f(x).
<

Example 1.14.

1. Square of natural numbers:

Iy N —- N
oz 22
2. Cosine of real numbers:
f R—-R
"l o cosp
3. Natural logarithm:
f . R>0 — R
"l z—Inzx

<

Remark: Every element of the domain is cov-
ered exactly once by the function. IL.e. every
element of the domain is mapped by one tupel
of the function to one element of the codomain.

On the other hand, not all elements of the
codomain must be mapped to by the function
and some elements of the codomain may be
mapped to more than once.

The input of a function, i.e. an element of
the domain, is called argument of the function.
The output of a function, i.e. and element of
the codomain, is called value of the function.
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Definition 1.16 (Identity and constant func-
tion).

1. Let M be a set and f a function. We say
f is an identity function idps if

Iy M — M
|l z—x

2. Let X and Y be sets, yg € Y and f be a
function. We say f is a constant function

if
f X—-Y
|l o

Definition 1.17 (Image of a function). Let X
and Y be sets and f : X — Y a function. The
set of all possible values of function f is called
image of function f.

image of function f

Definition 1.18 (Image and inverse image set).
Let X and Y be sets and f : X — Y a function.
For the subsets A C X and B C Y we define:

1. image set of A:

image set of A

2. inverse image set of B:

fiB)={reX|f(x)e B} X
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inverse image set of B

<

Remark: By this definition the function f is
used in two different ways:

1. The function f maps an element z of its
domain to an element y of its codomain.

z—y=f(z)

2. At the same time the function f maps a set
X to the corresponding image set Y:

X =Y = f(X)

Example 1.15. Let f be a function:

f:{Z—>Z

x — 2
then

f({17273}) = {1747 9}
f1({1,4,9}) = {-3,-2,-1,1,2,3}

iz ={=0

<

Definition 1.19 (Injective, surjective and bi-
jective functions). Let A and B be sets and f

be a function:
f A— B
oo (@)

1. f is called injective (or one-to-one) if

f(l‘l) = f(ﬂ?g) = T = T2.




2. f is called surjective (or on-to) if for all
y € B there are one or more x € A such
that f(z) =y.

A B

3. f is called bijective if it is injective and sur-
jective (one-to-one and on-to).

A B

N—N
z— 2.z
f is injective: 2x1 = 2x9 = x1 = T3

Example 1.16. Let f: {

f is not surjective: e.g. 3 is not an image
f is not bijective: since f is not surjective. <

Example 1.17.
| N—={0,1}
Let f { xeven — 0,z odd — 1
f is not injective: e.g. f(1)= f(3)=1+#3
f is surjective: 0 and 1 are images
f is not bijective: since f is not injective. <

R—R

T 22

f is not injective: e.g. f(1)=f(—-1) = 1#—-1
f is not surjective: e.g. —1 is not an image

Example 1.18. Let f:

f is not bijective: since f is not injective and
not surjective. <

RZO — RZO

T x?

f is injective: 1% = 29 = 1 = X9

f is surjective: f(R>p) =Rx>g

f is bijective: f is injective and surjective. <

Example 1.19. Let f: {

2

Definition 1.20 (Inverse function). Let X and
Y be sets and f be a bijective function f : X —
Y. We then call

-1, Y > X
/ {f(:v)»—>m

an inverse function. <

Example 1.20. The function

f' R20—>R20
) oz 2?

has the inverse function

ISE R>0 = Rx>o
| 22

which is the square root:

z=1""y) =y
2

where y = x°. <

1.4. Problems

Problem 1.1: Let A, B and C be statements
that are either true or false. Give the truth
table of the following terms:

1.

b
™

A

|
|

2. AV

3. AVB

4. ANB

5. AN (BVO)

6. (AAB)V (AAC)
7. AV(BAC)

8. (AVB)A(AVC)

Problem 1.2: Prove the following tautologies
(i.e. terms which are always true):

1. AVA

2. (A=B)s AAB

3. (A= B) = (AAB)V (AAB))
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Problem 1.3: Prove the first and second dis-
tributive law for conjunction and disjunction.

Problem 1.4: Express the following terms
with conjunction and negation only:

1. AVB

2. A= B

3. A B
Problem 1.5: Express the following state-

ments with quantifiers:
1. “Every problem has a solution.”

2. “Not all people with a driving license own
a car.”

3. “There are passengers in public transport
who do not have a valid ticket.”

Problem 1.6: Express the statements of
the previous problem with negated fragments
in plain words and with quantifiers.

Problem 1.7: Which of the following sets are
defined correctly?

1. My ={1,2,3,5}

2. My ={0,1,2,a,b,c}

3. M3 ={0,1,...,9}

4. My ={0,-1,1,-2,2,.. .}

5. M5 ={...,-2,-1,0,1,2,...}

6. Ms={L|q,peZp#0}

7. M7y ={z eR|a2? =4}

8. Mg={zreR|2?=-1}

9. My ={z€Z|2?=2}
Problem 1.8: Give an intensional definition
of the following sets:

1. M, ={2,4,6,8,...}

2. M, ={1,4,9,16,...}

3. Ms={1,3,%,1,---}

4. My={2,4¢6 8 10 1
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Problem 1.9: Give an extensional definition
for the following sets:

1. My ={x eN|z=3n,neN}
2. My ={zeN|z=nlneN}
3. My ={z eR|2? =4}

4. My ={z €R |23 - 2% 22 =0}

Problem 1.10: For the following sets A and

B find out which terms are correct:
set A | {1,2,3} | {a,b,c,d} | N|N
set B | {1,2,3,4} | {a,b,d} | N|Z
A=B
A#+B
ACB
ACB
ADB
ADB

Problem 1.11: With A = {1,2,3,qa,b,c},
B = {1,2,3,4,5} and C = {a,b,c,d,e} give
the result of the following terms by extensional
definition:

1. AUB
2. ANB
3. AnC
4. A\ B

5. (BUC)\ A

Problem 1.12: With A = {1,2,3} and B =
{a, b, c} write the Cartesian product A x B by
extensional definition.

Problem 1.13: With A = {0,1} find the
Cartesian product A x A x A in extensional
form.

Problem 1.14: Write the following functions
as a subset of the Cartesian product by exten-
sional definition:

N —- N
1 f{ z—2x+1

N—Z
2 f{ T z?



Problem 1.15: With A
R C A x A check for Cartesian product, binary

relation and function:

subset RC Ax A

Cartesian
product

= {1,2,3} and

binary
relation
function

{(1, 1) (2,2), 23 ,3)}

Problem 1.16: Express the terms domain and
codomain of a function in your own words.

Problem 1.17: Express the terms image set
and inverse image set of a function in your own

words.

Problem 1.18: Check the following terms for
injectivity, surjectivity and bijectivity:

term

injective

surjective
bijective

N—-N
r—3r+1

Z—>NU{0}
IL"-)IE

N—>7Z
Tr+—x

=

R—R
Hf'—).’L‘

R—)R>0
x — exp(z

el Bl Mt Mt B

R>0—>R
x — In(z

/|
1
{ZZ
{—>
]
]
]

10
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2. Natural numbers and integers

Mathematics is closely related to numbers. In
this chapter we start with two sets of numbers:
natural numbers and integers. In the follow-
ing chapters we proceed with rational numbers
(fractions) and real numbers before we dive into
complex numbers.

We start with very basic definitions of num-
bers. However, we assume the reader under-
stands the principle concept of numbers, addi-
tion and multiplication. We skip profound ques-
tions like: What is a number? What is infinity?

2.1. Natural numbers N

Definition 2.1 (Natural numbers). We call the
set of integers larger than zero natural numbers

N=1{1,2,3,..}

with the two operators '+’ and ’-’ for addition
and multiplication, respectively. <

Theorem 2.2 (Properties of N). For a,b,c € N
we have:

1. Closure:

a+beN
a-beN

2. Associativity:

(a+b)+c=a+(b+c)
(a-b)-c=a-(b-c)

3. Commutativity:

at+b=b+a
a-b=b-a

4. Distributivity over +:

a-(b+c)=a-b+a-c

5. Neutral element for -:

a-1=a
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Remark: In logic the distributivity holds over
both operators, conjunction and disjunction.
For sets the distributivity holds over union and
intersection. For natural numbers distributivity
holds only for multiplication over addition and
not vice versa.

Definition 2.3 (Divisor). A natural number d
is called divisor of n € N if there exits a natural
number ¢ such that

n=d-q
In short we write d | n. <

Remark: Every natural number n has at least
the two trivial divisors 1 and n. The other di-
visors are called non-trivial divisors.

Natural numbers divisible by 2 are called
even. Natural numbers not divisible by 2 are
called odd.

Definition 2.4 (Multiple). A natural number
m is called a multiple of n € N if there exists a
natural number f such that

m=f-n <

Remark: If m is a multiple of n with m = f-n
then f is a divisor of m. Since 1 is a natural
number any natural number n is a multiple of
itself: n =1-n.

Definition 2.5 (Prime number). A natural
number n larger than 1 is called prime if it has
only the divisors 1 and n. <

Example 2.1. The set of the first ten prime
numbers: {2,3,5,7,11,13,17,19, 23,29} <

Definition 2.6 (Prime factor). Let n be a nat-
ural number. We call p € N a prime factor of n
if it is prime and a divisor of n. <

Theorem 2.7 (Unique prime factorization).
Any natural number greater than one can be
expressed by a unique product of primes. <

Example 2.2.

11



e 60=2-2-3-5
e 37 =37

999999 =3-3-3-7-11-13-37

<

Definition 2.8 (Product of sequences). For
m,n € N and m < n let ar be a number for
all k € {m,m+1,...,n—1,n}. We then write
the product of all ay:

Hak = Qm cQm41 -t Qp—1 ° Qp
k=m

For m > n we define:
n

H ap =1 <
k=m

Remark: The product of sequences may be
used to express prime factorization. With
P1,P2, - .., Ppn for n prime factors we can write

n
Hpk =D1-Pp2-
k=1

- Pn—1"Pn

Definition 2.9 (Greatest common divisor).
With m,n € N we call p € N the greatest com-
mon divisor p = ged(m,n) if

1. pis a common divisor of m and n, i.e.

plm A pln

2. any other possible common divisor of m
and n is smaller than p.

<
Example 2.3.
o gcd(12,8) =
e gcd(9,162) =
o gcd(45,49) =
e gcd(8638,7404) = 1234
<

Remark: The greatest common divisor can be
used to cancel down fractions.

12

Example 2.4

12 3-4 3
o — = — — —

8 2. 2

9 1-9 1

162 18-9 18
45  45-1 45

49 491 49
8638 7-1234 7

7404 6-1234 6

<

Remark: The greatest common divisor p of
two natural numbers m and n can be derived
by the common prime factors. IL.e. the prime
factors of m and n are listed side by side and
the common primes are then multiplied which
leads to the greatest common divisor.

Example 2.5. What is the greatest common
divisor of 180 and 1687

180=2-2-3-3-5=22.32.5.70
168=2-.2.2.3.7=23.31.50.71
ged=2%2.31.50.70 =12

<
Definition 2.10 (Least common multiple). Let

m and n be natural numbers. We call p € N the
least common multiple p = lem(m,n) if

1. pis a common multiple of m and n, i.e. m
and n are both divisors of p:

mlp A nl|p

2. any other common multiple of m and n is
greater than p.

<
Example 2.6.
e lem(12,8) =24
e lem(9,162) = 162
e lcm(45,49) = 2205
e lem(8638,7404) = 51828
<
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Remark: The least common multiple is useful
when adding fractions.

Example 2.7.
i+171-2+1-372+373
12 8 12-2 8.3 24 24

<

Remark: The least common multiple p of two
natural numbers m and n can be derived by the
product of their prime factors where the com-
mon prime factors are only included once.

Example 2.8. What is the least common mul-
tiple of 180 and 1687

180=2-2-3-3-5=22.32.51.70
168=2-2.2.3.7=23.31.50.7¢
lem = 2%-.32.51 .7 = 2520

<

Theorem 2.11 (Product of ged and lem).
Let m and n be natural numbers, ged(m,n)
the greatest common divisor and lem(m, n) the
least common multiple of m and n. We then
have

ged(m,n) - lem(m,n) =m-n

<

Example 2.9. With m = 180 and n = 168
from the previous examples we have

ged(m,n) -lem(m,n) =m-n
12 - 2520 = 180 - 168
30240 = 30240

<

Theorem 2.12 (Division with remainder). Let
a and b be natural numbers, then there ex-
ist unique numbers ¢ € N U {0} and r €
{0,1,2,...,b— 1} with

a=q-b+r

We call a the dividend, b the divisor, q the quo-
tient and r the remainder, i.e.
dividend = quotient - divisor 4+ remainder <

Example 2.10.
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10=2-442

15=2-6+4+3

149 =250 + 49

128 =8-16+0

<

Theorem 2.13 (Euclidean algorithm). For two
natural numbers m and n we can find the great-
est common divisor ged(m,n) by a series of di-
visions with remainder:

We call the larger of the two numbers ag and
the smaller a;. Now we perform a division of
ag by aq. If the remainder is zero then aq is
the ged, if not we call the remainder ay and we
divide a1 by as.

This is repeated until there is no remainder
left. The last divisor then is the greatest com-
mon divisor ged(m, n). <

Example 2.11. Find the greatest common di-
visor of 276 and 192.

276 =1-192 484
192 =2-84+424

84 =3-24+12
24=2- 12 40
ged
Hence ged(276,192) = 12. <

2.2. Representation of natural
numbers

Yet, when representing a particular natural
number we used the decimal number system.
However, this is just one of many ways to note
numbers.

Example 2.12. Roman numerals.
The Romans used a number system with the
following characters:

character value
1

5

10
50
100
500
1000

ZOQN =<~

13



(The Romans did not have a character for zero!)
In principle the characters could be placed in
any order, however, they are ordered with de-
creasing values. So, the number 27 is written
as:

21=2-X4+1-V+2.I1=XXVII

To avoid four equal characters in a row (e.g. 4 =
I11T) one of the characters is written before the
one with the next higher value (e.g. 4 = IV).
Some examples:

19 = XVHIT = XVIV

54 =LIV

9 =1 =LXLVIV
1749 = MDCCXLVIV
1750 = MDCCL

(* J. W. Goethe)
(t J. S. Bach)

If you try to perform multiplication or other
mathematical operations with this number sys-
tem you will understand why other number sys-
tem superseded the Roman numerals. <

Definition 2.14 (Sum of sequences).

For m,n € N and m < n let a; be a number for
all k€ {m,m+1,...,n—1,n}. We then write
the sum of all ay:

n
Zak =amtam+1+...+tan—1+ay

k=m

For m > n we define:
n

Z ar =0 <
k=m

Example 2.13. Sum of sequences:

5
Zk2:4+9+16+25:54

k=2
)DL TER S W S
E 1 2 3 4 12
k=1
ok 92 48 16 T
k=1
2
>k =0
k=5

14

Definition 2.15 (Positional notation). A posi-
tional system represents a natural number p to
a base b with N digits bx,k =0,..., N—1, each

being a natural number 0,1,...,b—1 with
N-1
p=3 bt
k=0

The digits are written with decreasing order
with no spaces between:

bny_1bn—2---babibg

To explicitly state the base of a number the base
may by written as a subscript behind the num-
ber (the brackets are optional):

p= ( .. b3b2b1b0)b <

Example 2.14. Below the numbers 0 to 20 in
some number systems: decimal (base 10), bi-
nary (base 2), quinary (base 5), octal (base 8)
and hexadecimal (base 16).

=

g

— (&)
: v 5 _ <
e} e} (op o =
0 0 0 0 0
1 1 1 1 1
2 10 2 2 2
3 11 3 3 3
4 100 4 4 4
5 101 10 5 5
6 110 11 6 6
7 111 12 7 7
8 1000 13 10 8
9 1001 14 11 9
10 1010 20 12 A
11 1011 21 13 B
12 1100 22 14 C
13 1101 23 15 D
14 1110 24 16 E
15 1111 30 17 F
16 10000 31 20 10
17 10001 32 21 11
18 10010 33 22 12
19 10011 34 23 13
20 10100 40 24 14

Except for the quinary all other number sys-
tems play an important role in mathematics and
computer science. <
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Example 2.15. Conversion from base b to base
10. We apply the sum of definition 2.15, e.g.

e 1015 =1-224+0-2! +1.2° =59
® 1235 =1-82+2.8' +3.8° =83
e 6Fig=06-16"4+15-16° = 1111
<

Example 2.16. Conversion from base 10 to
base b. We repeatedly perform a division with
remainder by b until we get the quotient zero.
The remainder-values give the number with
base b in reverse order.

e 123479 — hexadecimal:
1234 =77-16+ 2
77 = 4-16+ 13 (D)
4= 0-16+ 4

= 4D244

e 2519 — binary:

25=12-2+4+1
12= 6-2+0
6= 3-240 = 11001,
3=1-2+41
1= 0-2+1

<

Example 2.17. Conversion between base 2
and 8. One octal digit gives three binary digits
and vice versa. Hence, we only need to memo-
rize the first eight rows of the table in example
2.14 to rapidly convert between the two bases.

e 10101015 =1 010 101 = 1253
e 7653 = 111110101 =111110101,
<

Example 2.18. Conversion between base 2
and 16. One hexadecimal digit gives four bi-
nary digits and vice versa. Hence, we only need
to memorize the first sixteen rows of the table
in example 2.14 to rapidly convert between the
two bases.

e 1110001110002 = 1110 0011 1000 = E3816
e 12316 = 0001 0010 0011 = 1001000114

Binary numbers are often grouped by four digits
which make them more readable. <
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2.3. Mathematical induction

Example 2.19. Carl Friedrich Gaufl being a
schoolboy nine years old once was given the
task to add the first 100 natural numbers. The
teacher hardly finished the sentence when little
Carl wrote 5050 on his tablet. To add the first
n numbers he used the following relation:

n

_n-(n+1)
2 b=

Is the equation correct? Does it hold for any
number of summands? How do we prove that
this equation holds for any natural number n?

Carl Friedrich Gauf} (1777-1855)
<
Definition 2.16 (Definition by induction). Let

ng € N and a,, be an object for all n > ng. A
way to define all a,, is

1. extensional definition of the first object ay,
or the first few objects.

2. definition of any subsequent object by its
predecessors.

We call this definition by induction. <
Example 2.20. Factorial numbers

1. ap:=1
2. ap =N Qp_1 <

Example 2.21. Fibonacci number
1. ag = 0, ay = 1
2. Gpy1 = ap + ap—1 <

Example 2.22. Heron’s method for v/2

1 2
2. Ap41 = 5 apn + a—
n

a, converges for increasing n towards v2. <
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Theorem 2.17 (Proof by mathematical induc-
tion). Let ng be a natural number and A(n) be
a statement for all n > ng. To prove A(n) for
all n > ng it is enough to show that

1. A(ng) is true

2. for any n > ng if A(n) is true then A(n+1)
is true, i.e. A(n) = A(n+1)

We call the first induction start and the second
induction step. <

The following theorems are proved by the
method of mathematical induction.

Theorem 2.18 (Gaussian sum).

(n+1)
Zk_i <

Proof.
1. Induction start (A):
1
S (1+1)
2
k=1
1=1

2. Induction step (A = Api1): If

Ap
then .
’ik_ (n+1)(n+2)
B 2
k=1
An+1
Now the proof:
n+1 n
k=) k+(n+1)
k=1 k=1
+1
= n(n2 ) +(n+1)
_nn+1)+2(n+1)
B 2
_ (n+1)(n+2)
- 2
O
Theorem 2.19.
Zn: 12— n(n+1)(2n+1)
6 <

16

Proof.
1. Induction start (Aj):

! H(1+1)(2-141)
3o ML

k=1

2_1:2:3

6

1=1
2. Induction step (A, = Apy1): If

' n(n+1)(2n+1)
A, Zkz :
then
n+1
Ay ZkQ (n+1) (n—z2)(2n+3)'
Proof:
n+1
> K= ZkQ (n+ 1)
k=1
_ (n+ 1)6(2n+ 1) b (n+1)?
_ nn+1)(2n+ 1)+ 6(n + 1)
6
_ (n+1)(n2n+1)+6(n+1))
6
_ (n+1)(2n” + Tn + 6)
6
_ (n+1)(n+2)(2n+3)
6

O]

Theorem 2.20 (Bernoulli’s inequality). For
beR,b>—1and n € N we have:
(1+b6)">1+n-b <
Proof. 1. Induction start (A;):
(1+b0)' >1+1-b
1+0>1+b
2. Induction step (A, = Ap4+1): If
1+0)">1+n-b

then
(L4+0)"™ > 14+ (n+1)b

and we show

(1+b0)" ™ = (14 b)"(1+b) > (1+nb)(1 +b)
1 >
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Theorem 2.21 (Geometric sum). For ¢ € R\
{0,1} and n € N we have

n—1

1—gq
> d" = <
k=0 q

1—gq
¢ ==
k=0 q
L=17¢
1—g¢q

1=1

2. Induction step (A, = Ap4+1): If

-1
n k_l—q"
q = 1—
k=0 q
then
n
% 1_qn+1
q 1—
k=0 q
and we show
n n—1
1—4q"
k __ k n __ n
S =S =
k=0 k=0
_1-¢"+¢"—q-¢" _1-¢""
B 1—gq  1—gq

2.4. Integers 7Z

Sums and products of natural numbers are
again natural numbers (closure). In dealing
with engineering problems, one frequently has
to resolve equations. Unfortunately an equa-
tion like

n+r=m

does not always have a solution z € N for arbi-
trary numbers m,n € N.

If we want to solve equations of the above
type without limitations, we are led to an ex-
tended set of numbers: For each (positive) n €
N a negative number —n is provided. In addi-
tion to that the number 0 (zero) is introduced.
This new number system is called the set of in-
tegers denoted by Z.

Definition 2.22 (Negative numbers and zero).
Zero, denoted by 0, is the number that does
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not change the value when added to any natural
number, i.e.

a+0=a, a€N
The set of negative numbers N’ is defined by
N ={d |a+d =0,a € N}

<

Definition 2.23 (Integers). The set of Integers
7 is the union of natural numbers, zero and neg-
ative numbers:

Z=NUOUN

Theorem 2.24 (Negative numbers).
e If a € Z \{0} then either a € Nor a € N

e If a € N then there exists an o/ € N’ such
that a +a’ =0

Remark: Obviously N C Z.

Theorem 2.25 (Properties of Z). For a,b,c €
Z we have:

1. Closure:

at+beZ
a-beZ

2. Associativity:

(a+b)+c=a+(b+c)
(a-b)-c=a-(b-c)

3. Commutativity:

at+b=b+a
a-b=b-a

4. Distributivity over +:
a-(b+c)=a-b+a-c
5. Neutral element for + and -

a+0=a

a-1l=a

17



6. Inverse element for 4+: There exists an in-
verse element @’ € Z such that

a+ad =0

7. If a-b =0 then either a =0 or b = 0:

Definition 2.26 (Factorial). We define the fac-
torial of n as

Example 2.23. There are n! options to arrange
n items in a chain. <

Theorem 2.27 (Binomial theorem). For z,y €
Z and n € N we have

(o y)" = ’; BEE

with the binomial coefficient (Z) as

<

Remark: We may apply the same theorem for
x, 1y being rational, real or complex.

The binomial coefficients are elements of Pas-
cal’s triangle. The left and right edge are filled
with ones. All other elements are the sum of
the two elements above it.

1 3 3 1
1 4 6 4 1
1 51010 5 1
1 6 152015 6 1

18

k
= (p)a*t® — (1)a®d" + (5)a’’

— (et + (ast
= a* — 4a3b + 6a%b® — 4ab® + b*

<

Example 2.25. The binomial coefficient (Z)
gives you the number of options to choose k
out n different items.

E.g. for the German lotto you choose six
numbers out of 49, i.e. six different numbers be-
tween 1 and 49. There are () = 13983816 dif-
ferent options to choose these numbers. Hence

. . . -1
the chance to win the top price is (469) R

7x 1078 = 0.000 007%. <
Remark: Unfortunately, equations of the form
m-r=mn

have no solution in Z for arbitrary m,n € Z
which leads us to the rational numbers Q in the
next section.

Example 2.26. There exists no x € Z that
satisfies the following equation:
2.-2=3 <

2.5. Problems

Problem 2.1: In the context of natural num-
bers explain the following terms:

1. divisor
2. trivial and non-trivial divisor

3. multiple
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4. prime number

5. prime factor

Problem 2.2:
on the following numbers:

Perform a prime factorization

1. 123

2. 321

3. 30030
4. 65536
5. 9000000

Problem 2.3: Simplify the following terms:
1 n
o2

5. H k —n!

—_
—
[\

e
Il
—

N
=
>

k=1
3
H f* ()
3. k2 11lk=1J \*/
kE[l Hk 2fk(17)

with f(z) # 0 for all =

Problem 2.4: Evaluate the greatest common
divisor and least common multiple of the fol-
lowing pairs:

a b | ged(a,b) | lem(a,d)
6 8
30 | 20
14 15
39 | 117
123 | 123

Problem 2.5: If the greatest common divisor
and the least common multiple of two natural
numbers a and b are known, is it possible to
evaluate a and b?

Problem 2.6: Complete out the following ta-
ble:

dividend | divisor | quotient | remainder
100 16
62 7
156 26
123 124
124 123
1000 3

February 26, 2022

Problem 2.7: Perform the Euclidean algo-
rithm to the following pairs of natural numbers
to find the greatest common divisor:

1. 80 and 115
2. 768 and 540

3. 5471 and 1193

Problem 2.8: Change the base of the follow-
ing representations:

1. 10019 — binary

2. 10019 — octal

3. 10019 — decimal

4. 10019 — hexadecimal
5. 1003 — decimal

6. 100g — decimal

7. 10019 — decimal

8. 10016 — decimal

Problem 2.9: Fill out the following table:

binary | octal | hexadecimal
110111
10100101 1100

17
6543

123
ABC

Problem 2.10:
duction:

Prove by mathematical in-

n+1)

1Zk3 n”

2. n3 + 2n has the divisor 3

3. nl>2" forn >3

n

4.3 (2k-1) =

k=1

Problem 2.11: Prove by mathematical in-
duction that there are n! options to arrange n
items into a chain.
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3. Rational and real numbers

3.1. Rational numbers QQ

Definition 3.1 (Rational numbers). We define
the set of rational numbers QQ as the quotient of
any p € Z and q € N, i.e.

o {¢]reneer

<
Example 3.1.
lcq -lco #-ico
5=21€Q 1eQ 0€Q
V2¢Q  71¢Q e¢ Q
<

Theorem 3.2 (Properties of Q). For any
a,b,c € Q and + and - as commonly used we
have:

1. Closure:

a+beQ
a-beQ

2. Associativity:

(a+b)+c=a+(b+c)
(a-b)-c=a-(b-c)

3. Commutativity:

at+b=b+a
a-b=b-a

4. Distributivity over +:

a-(b+c)=a-b+a-c

5. Neutral element for + and -:
a+0=a
a-1l=a

20

6. Inverse element: There exists the inverse
€ Q such that

elements a’, b

a+ad =0

b-b'=1 forb#0

where 0 and 1 denote the neutral elements
for + and -, respectively.

7. If a-b =0 then either a = 0 or b = 0 and
vice versa, i.e.

Remark: We denote the inverse element for
addition with a minus sign.

a = —a
In short we write:
a+(-b) & a-—b>

We denote the inverse element for multiplica-
tion with an exponent of —1 or with b in the
denominator of a fraction.

V=pt==C
b

Theorem 3.3 (Q is countable). The rational
numbers Q are countable. <

Proof. We arrange the elements of Q in a table:

1 2 6
1 1 1
| /

1 /z T 6
2/2/2/2/ 2
17,727 ,73 5 6
3/3//,3//, 3 3
1 /2 3 4 5 6
4 1, 4 4 1 1
‘////

1 2 3 4 5 6
5 /.5 5 5 5 5
o

1 2 3 4 5 6
6 6 6 6 6 6
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and we write:
_ 1 41 42 41 4,2 .3
Q—{O,j:T,j:?j:T,ig,iﬁ,j:T,...} O

Remark: We can write rational numbers on a
real line:

-1 =
\ \ |

N[
[es}
— no|—
—_
- roleo
[\]

Wi
Wl
wl— —
Wi —
ol —
wlor—

By this visualization each number has a unique
position on the line.

Definition 3.4 (Less or equal). For a,b € Q
we say a is less or equal b if a is not to the right
of b on the real line. In short we write

a<b
and also call it an order relation.

The relations >, < and > are defined in a
similar manner. <

b

a<b a=">

a>b

Theorem 3.5 (Q is dense). For every a,b € Q
with a < b there exists a ¢ € Q with a < ¢ < b.
Le. for any two unequal rational numbers there
exists an infinite number of rational numbers
between them. <

Proof. We start with two rational numbers
a1,b1 € Q where a1 < b;. The term % is
greater than a1, less than by and again is a ra-
tional number. We now either set ay = a1 and
by = ‘%Lbl or ag = % and by = by. Again
the term L;bQ is greater than as, less than by
and again is a rational number. This may be
repeated infinite times for any position on the
real line. O

February 26, 2022

a1 a1~2|>b1 bl
| | |
[ [

[
as as <2|>b2 b2

Remark: Although the rational numbers Q are
dense there exist numbers like v/2 or 7 that can
not be expressed by rational numbers.

It is possible to approximate such numbers
with arbitrary small error larger than zero by an
increasing number of digits for numerator and
denominator, however, we will never be able to
express these numbers exactly.

It is possible to express these irrational num-
bers by an infinite sum of rational numbers. L.e.
for m we may write

1 1 1 1
I [
i < 375 779 >

Hence, we are looking for an extended set of
numbers that include irrational numbers.

3.2. Real numbers R

Definition 3.6 (Irrational numbers). Let S be
the set of infinite sums of rational numbers. We
call the set of all elements s € S that are not
rational the set of irrational numbers. <

Example 3.2. Some irrational numbers:

el+l+F+5+h+5+...=¢
el-f+y—g+H—g+...=12
el—-Z+i-2+1-214+ =2
R e Rt

Definition 3.7 (Real numbers). We call the
set of all possible sums of rational numbers with
finite or infinite number of summands the set of
real numbers R. <

Theorem 3.8 (Properties of R). The set of real
numbers R has the following properties:

e R is not countable

e R is dense
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3.3. Intervals and absolute values

Definition 3.9 (Finite intervals). For a,b € R
and a < b we define finite intervals:

e closed interval:

[a,b] ={z €eR|a <z <b}

e open interval:

(a,b) ={x eR|a<z<b}

e [eft open interval:

(a,b) ={zr eR|a<z<b}

e right open interval:

[a,b) ={r eR|a<xz<b}
<

Definition 3.10 (Infinity). We define +o0o (or
just co) and —oo such that the statements “x <
o0” and “z > —o0” are true for all x € R. Vice
versa the statements “z > 0o0” and “x < —o0”
are false for all x € R. <

Remark: +oo and —oo are no real numbers
or any other type of numbers. E.g. the terms
00 — 0o or & provide no sensible results!

Definition 3.11 (Infinite intervals). For a € R
we define infinite intervals:

[a,00) ={z €R|a <z}
(a,00) ={z €eR|a<z}
(—o0,al ={z eR |z <a}
(—o0,a) ={z eR |z < a}

Example 3.3.

e R=(—00,00)

e Ropg=(0,00)={z€R |z >0}

R>p=1[0,00) ={z € R |z >0}

{z e R |z =sin(y),y € R} =[-1,1]

{reR|z=9>-1,0<y< 1} =[-1,0)

<
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Definition 3.12 (Supremum and infimum).
Let A be an arbitrary subset of R.

e We call the least number of RU{co} greater
or equal to all elements of A the supremum
of A or the least upper bound of A denoted
by

sup(A)

e We call the greatest number of R U {—o0}
less or equal to all elements of A the infi-
mum of A or the greatest lower bound of A
denoted by

inf(A)

Example 3.4.
e sup({1,2,3}) =3
e inf({1,2,3}) =1
e sup(R) = oo
e inf(Ryp) =0
e inf(R>p) =0

<

Definition 3.13 (Maximum and minimum).
Let A be an arbitrary subset of R

e If the supremum of A is an element of A
we call it the mazimum of A denoted by

max(A)

e If the infimum of A is an element of A we
call it the minimum of A denoted by

min(A)

Example 3.5.
e Let A=[—1,1] then
max(A) =1 and min(A4)=—1
o Let B={yeR|y=2a%x¢c[-1,1]} then

max(B) =1 and min(B)=0
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e Let C = (0,10) then max(C) and min(C)
are undefined!

<

Remark: The minimum and maximum exist
for closed intervals and for finite sets (i.e. sets
with a finite number of elements). If a maxi-
mum or minimum exists it equals the supremum
or infimum, respectively.

Definition 3.14 (Absolute value). For a € R
we define the absolute value of a by

la = a for a>0
]l —a for a<0

Theorem 3.15 (Properties of absolute values).
For any a,b € R we have:

e |a| >0

e laj=0 & a=0
o a-b =1a| -]

e la+b| <la|+|b|] (triangle inequality)

<

3.4. Problems

Problem 3.1:
element of Q7

15 1/2 =« V3
-5 1/3 e V4

Which of the following is an

1.234567
0.142857

Problem 3.2: With a = 2 and b = 3 which of
the following expressions are true?

a)a<b b)a>1b c)2a<b
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d)a<b e)a>b f) 3a < 2b
g) 2b <ma h)avb<bya i) avb>bva

Problem 3.3: Express the term dense in your
own words.

Problem 3.4: Explain the difference between
the sets Q and R.

Problem 3.5: Give the intervals of the follow-
ing sets:

1. Ay ={yecR|y=2%xcRy}
Ay ={yeR|y=2%2€ Ry}
As={yeR|y=2"1 2 € R}
Ay={yeR |y =exp(z),z € R}
As ={y € R |y =sin(z),z € R}

AR R S

Problem 3.6: Find the supremum and infi-
mum of the following sets.

set sup inf
{1,2,3,4}
{-2,0,2,4}
{-100,200}
{3,6,9,...}
{..,—1,0,1,2,...}

Problem 3.7: For the following sets find the
maximum and minimum.

set max min

{1,2,3,4}

{=2,0,2,4}
{~100,200}
{3,6,9,...}
{...,-1,0,1,2,...}

Problem 3.8: Give the extensional definition
of the following sets:

1. Ay ={ne€eZ|n=|kl,keZ}
2. Agz{yER|y:ﬁ,x6R¢o}

3. As={neZ|n=|10k—-1,k € Z}
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4. Complex numbers

4.1. Why complex numbers?

Let us recall the reasons to develop extended
number sets.

e We started with natural numbers N.

e With n > m the equation n + x = m has
no solution for € N which lead us to the
integers Z.

e If m is not a multiple of n the equation
n - x = m has no solution for z € Z which
lead us to the rational numbers Q.

e 22 — ¢ = 0 has no solution for z € Q if c

is not a square of a fraction (e.g. ¢ = 2)
which lead us to the real numbers R.

The argument which lead to the real numbers
R already point at the next limit to overcome:
If ¢ in equation 22 — ¢ = 0 is negative, we get to
the point to take the square root of a negative
number which has no solution in R.

Hence, we are looking for a number system
that gives us a solution for equations like

2 +c=0 with ¢ >0
4.2. Definition of complex
numbers

Definition 4.1 (Imaginary unit). We define
the constant j ¢ R by

=

and call it imaginary unit. A multiple of j is
called imaginary number. <

Remark: Strictly speaking this definition is
not precise since there are two solutions for this
equation. In mathematics we say it is not well
defined. However, for our purposes it is enough
to imagine j to be the positive root of —1:

ji=4+v-1

With this supplement the previous definition
becomes well defined and all further applica-
tions of complex numbers are consistent. (We
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could do the same by defining j := —+/—1, but
we don’t.)

Remark: In mathematics the letter i is used for
the imaginary unit instead. However, in elec-
trical engineering the i is the symbol for the
electrical current and, hence, we use the j as a
symbol for the imaginary unit.

Example 4.1. We want to solve the equation

x?2 = —4 for z:

2 =—4
x::I:\/jZl
r=+V4-/—1
r=42-j
x==22]j

Towards the end of this chapter we will see that
care must be taken when dealing with roots on
complex numbers. However, the result £2j in
this example is correct. <

Theorem 4.2 (Powers of j). Although j is not
real, we may use it as a unit and apply math-
ematical operations as usual. Powers of j may
be combined:

i2=-1 (by definition)

=)= )=

=it j=]

=1

jl=l=L ==
g\ [—2|-1[0]1] 2|3 [4]5]...]
==l -1l

Definition 4.3 (Complex number).  With
a,b € R we define complex numbers as a +j - b
ora+jb,ie.

C={a+jblabeR,j*=-1}
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We say two complex numbers are equal if their
components a and b are equal, i.e. for ¢y =
a1 +jb1 and co = ag + j b2 we have:

co=c < ay1=agx/A\Nb =by

<

Definition 4.4 (Real and imaginary part). For
any complex number ¢ = a + jb € C we define

Re(c) =Re(a+jb) =a
as the real part of ¢ and
Im(c) =Im(a+jb) =b

as the imaginary part of c. <

Example 4.2.

e Re(j) =0
e Im(j) =1
e Re(j?) = -1
e Im(5) =0

<

Remark: Note that the imaginary part of a
complex number is real, i.e. for any ¢ € C we
have:

Im(c) e R
As part of a complex number we multiply the
imaginary part with j which gives us an imagi-
nary number.

There is another more profound way to define
complex numbers:

Definition 4.5 (Complex number, alternative
definition). The Cartesian product C = R x R
together with the two operators

CxC—C
+ (al, bl) + (GQ,bQ) —
(al -I-CLQ,bl +b2)
CxC—C
(al, bl) . (ag,bg) —
(a1a2 — blbg, albz + Cbgbl)

is called the set of complexr numbers. <
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For tuples with the second element being zero
we get:

(al,O) + ((12,0) = (a1 =+ ag,O)
(al,O) . (CLQ,O) == (a1 . CLQ,O)

Hence, the first tuple element behaves like the
real part of a complex number.
If we square (0, 1) we get:

(0,1)-(0,1) = (—1,0)

L.e. the tuple (0,1) behaves like the imaginary
unit. In fact the second tuple element is the
imaginary part of our complex number defined
in the first place.

The main advantage of this second definition
of complex numbers is that j := (0,1) is well
defined and needs no further explanation. This
is why the second definition is found in more
mathematical focused text books whereas the
first has a more empirical view point.

4.3. Properties of complex
numbers

Theorem 4.6 (Properties of C).
e C is not countable
e C is dense
<

Remark: Another interesting property of com-
plex numbers is that they cannot be ordered.
Le. for two complex numbers z1,z5 € C the
expression z; < z2 does not give a clear result.
E.g. is 1 —j less or greater than j — 17 Math-
ematically speaking C is not a totally ordered
set. This term is defined by some axioms but is
not further discussed here.

Remark: A complex number z = a + jb can
be represented as a point (a,b) or an arrow to
this point on a complexr plane. The real and
imaginary parts are plotted on the abscissa and
ordinate, respectively.

Im(z),
b ,,,,,,,,,,,,,,,,,,,

QF---—-—— == 2
=
)
—
N
~—
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Example 4.3.
24 ®
—2+] 3+]
[ ] 1 - [ J
-3 -2 -1 1 2 3 Re
—1-

—3—-j2 2—32

J o | J

Definition 4.7 (Absolute). The absolute of a
complex number z = a 4 jb € C is defined by

|z] := Va? + b2

Theorem 4.8 (Polar form). A complex num-
ber z = a + jb € C can also be expressed by
polar coordinates |z| and ¢ where |z| is the ab-
solute of z and ¢ the angle from the positive
real axis counter-clockwise to the arrow on the
complex plane. We have:

a=|z|-cosp

b=|z|-siny

|z| = Va? + b2

p=argz

where arg z is defined as follows. <

Definition 4.9 (Argument). With z = a + jb,
a,b € R, |z| # 0 the function arg(z) maps a

26

complex number to the interval (—m, 7| defined
with:
b

arctan ; — 7 for a <0and b <0
-5 fora=0and b<0
arg(z) = arctan% fora >0

5 fora=0and b>0
arctang—kﬂ fora<0Oand b>0
<

b:I T

me), s

— b

p =arctan ; + 7 o= arctang
) a :i%e(z)

Y= arctang -7

NE

v =
Remark: Now a complex number can be writ-
ten with their polar coordinates.
z=a+jb=|z| (cosp+jsingp)
Later we will learn Euler’s formula:
exp(jz) = €® = cosz +j sinx
which further simplifies our complex number to

z=a+jb=|z|e?

Remark: By definition 4.9 the polar angle is
an element of (—m,w]. Other definitions limit
the angle to [0,27). Due to the periodicity of
the exponential function for imaginary values
we have:

2= |z| - ¥8() = 5] . O Fare(z))
or more general:

2rntarg(2)) - for any n € Z

y = ,z|.€j(
Example 4.4.
021:4—|—j4:4\/§.ej7r/4
022:\/§—j:2.6_j77/6
o 23:—1—J:\/§e_J3ﬂ/4:—\/§eJ77/4

<

February 26, 2022



4.4. Basic operations

Theorem 4.10 (Basic arithmetic operations).
With z1 = a1 +jb; € Cand 20 =as+jby € C
we have for the basic arithmetic operations:

21 + 22 = a1 + az + j(b1 + b2)
21 — 22 = a1 — az + j(by — b2)
21 - 29 = ajaz — biba + j(a1bz + asby)
and for zo # 0 :
21 ap+jbr az—jby
zo az+jby as—jby

araz +biba . azbr — aiby
as? + by? as? + by?
<
Im(Z)A Z‘Z‘___"/
- 7
/
X’Zﬂ» 8\)\’,/
,\?N 74\/ /l
/
Z2
Re(z)
Im(z),
~
\\Tﬁ_
- \{ N
' N e\;\' \\tj
% \\
22 <
Re(z)

Example 4.5. For zy =1+ j and 2o = 2 — 2j
we have

® 21 +22=3—]
® 21 —2=-1+3j

e 21-29=4

<

Remark: The multiplication and division of
complex numbers are difficult to illustrate on
the complex plane. They are better under-
stood in polar coordinates where the abso-
lutes are multiplied/divided and the angles are
added/subtracted, respectively.
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With 21 = |21]e%1 and z9 = |22]|e/¥? we have:
212 = |21 ‘22|6j (p1+¢2)

A1 @-ej (p1—p2)

Z9 - ’22‘

Theorem 4.11 (Properties of absolute). With
z, 21,22 € C we have

e 2| >0
o |21 22| = |21] - |22

e |21 + 22| < |z1]| + |22 (triangle inequality)

Example 4.6. For 21 = 1+ j and 20 = 2 — 2j
we have

e [21/=v2>0 and |z|=v8>0
o |21 2| =4=v2-V/8= x| |z
o |21+ 22| = V10 < V2 + VB = || + | 2]
<
Definition 4.12 (Conjugation). The conjugate

of a complex number z = a + jb € C is defined
by Z=a—jb. A pair z and Z is called complex

conjugates. <
Im(z)
br------- -5 ‘
.
. >
> : Re(z)
B !

Theorem 4.13 (Calculating with conjugates).
With z € C we have
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®
ISl

=2z
e 2. z=|z%, ie z-Z>0andz-Z€R
e 2 +Z=2-Re(z)

o z—z=2j-Im(z)

<
Example 4.7. For z = 2 — 3j we have:
o Z=2-3]
e z-Z2=13
e 2 +2z=
® 2z —7Z=—06j
<

Theorem 4.14 (Powers of complex numbers).
With z = |z| /¥ € C and n € Z we have

2" = |z|"(cos nep + j sinngp) = |z["e™?
<

Example 4.8. For 2y =1+ j and 29 =2 — 2j
we have

Z12 = 2j 222 = —8j

213 = —2 4 2 29 = —16 — 16

214 =—4 224 = —64

_ 1. _ 1.
7= 27 =]

Definition 4.15 (n'"-root of complex num-
bers). z € C is called the n'"-root of y € C
if
2=y
<

Remark: Care must be taken when working
with roots in the context of complex numbers,

e.g.
1=Vi=V(1) () #vVL-Vad=jj=-1

In fact, the standard root function is defined for
non-negative real numbers only: /- : R>g —
R>p. When applied to negative real or com-
plex numbers we get more than one solution
and, strictly speaking, the root operator is not
a function anymore.

The next theorem deals more general with
roots for complex numbers.
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Theorem 4.16 (Number of roots). For z € C,
y = |yle}? € Cxo and n € N the equation

M=y
has exactly n solutions for z which are:
2 = V]ylexp(GE2TE) for k=0,1,...,n—1

<

Example 4.9. n'" root of 1. From real num-
bers we know already that the square root (n =
2), i.e. 22 = 1, has two solutions. Treated as
complex number we have |y| = 1 and ¢ = 0 and
get:

zo=V1exp (j&20) =0 =1
z1 = V1exp (er%’T'l) =™ =1

In exponential form we have the two angles
{0, 7} and the two roots {1, —1}.

Im,
// \\
/ \
7/ A\
/ \
/ \
! \
Z1 1 ' 20
— 0 ——————
-1 1 Re
\ !
\ /
\ /
\ 7/
N ’
S

For cubic roots (n = 3), i.e. 22 = 1, we have
three solutions:

20 = V1exp (j 0+§”'0) =l =1
21 = V1exp (j 0+§7r' ) = A3 = —
zo = V1exp (jo2r2) = e/ —

—_

= Nl

S
() ()
.

— 3
Im,
A & LR
. RN
// \\
/ N
/ \
/ \
/ \
! \
I ' 20
| & >
-1 1 Re
\ !
\ /
\ /
N 7/
‘e -
22 T=14--7
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For other n € N the n roots are evenly dis-
tributed on the unit circle on the complex plane.
Le. for 2™ =1 we have

zp = 27" for k=0,1,...,n—1

Example 4.10. What are the solutions of
22 =87

W.r.t the last theorem we have |y| = 8, ¢ =0
and n = 3. Hence we get:

zp = V8 exp( M) = 2¢I27k/3
20 = 26" =2

21 =26l 2™/3 = —1+3j
29 = 2647/3 = _1 — /3]
Im 4

Z1 .
o2l

Example 4.11. What are the solutions of
22 =—2j 7

W.r.t the last theorem we get [y| =2, ¢ = -5
and n = 2. Hence we get:

2 = X6 2 exp ( 7r/2+27rk)

20 =V2e it =1_j
21 =263t = 1 +j
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Example 4.12. What are the solutions of
=4

W.r.t the last theorem we have |y| =4, o =7
and n = 4. Hence we get:

o= V2 exp (] 7r+27rk)
20=V2eTt =1 4]
2 =V2el¥ = 1 4
20 = V267 = 1 —j
23 =V2eT =13

ImA
92
Z1 e N 20
W
’l/ \\1
—2 "1 1/,' 2 Re
\.\71A 4
22/ DR 23
—9 ]

4.5. Problems

Problem 4.1: For n € Z simplify the follow-
ing expressions:

1. j2 j4n 2n

2 j5 4 j4n+3 6 ‘]73

Problem 4.2: Solve the following equations:

1. Re(1 —j) 3. Re(—a +bj)
2. ITm(3 + 2j) 4. Tm(j?)
Problem 4.3: Plot the following complex

numbers in the complex plane:

1. 21:1+2j 3. 23:—3+2j

2. 29 =2—] 4 24 =-2-172j

Problem 4.4: With z = a+jb = [z]| - €¥
complete the following table:
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2 /2

4 —m/4

Problem 4.5: Plot the following complex
numbers in the complex plane:

1. 21 = V2 ™4 3. 23 =2¢I7/2
2. 29 = /8 I/4 4.z ="

Problem 4.6: For z; =2+ 3j and 20 =3 —2j
solve the following expressions:

3

1. 214 29 5. 21

2. 29— 21 6. (22/21)*
3. 21 29 7. ]21\2

4. z1/29 8. ljz1 + 22

Problem 4.7: For z; = 2e/™4 and 29 = €i™/3
solve the following expressions:

1. 2129 6. Im(z12)
2. 22 7. 29/%1
3. 292 8. |21

4. 2% 293 9. ‘223’

5. Re(z?) 10. [jz1)?

Problem 4.8: For z; =2+ 3j and 29 = 3 — 2j
solve the following expressions:

1. z1+721 4. 21-Z1+ 2922
2. Z9 — 29 5. Zl-a—‘21’-|2’2’
3. 21— 72 6. ‘2’1 5‘

Problem 4.9: Solve the following equations
for all possible z € C:

1. 2% =1 4, 2 = 324
2. 22=-1 5. 28 =81
3. 22 =125 6. 2% =]j
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5. Sequences

5.1. Introduction

Example 5.1. In electronics we deal with re-
sistors and voltage supplies. Let’s assume a
terminating resistor R and a variable num-
ber of voltage supplies with equal voltage Uy =
Us = ... = U and equal internal resistance
Rp1 = Rpo = ... = Ry. The voltage supplies are
connected in a chain, i.e. the voltage and inter-
nal resistance increases with increasing number
of voltage supplies.

RTC

D
i
v (D

RIn
U, |

What is the total current I through the termi-
nating resistor R7? For one voltage supply we
get by Ohm’s law:

U
LH=——+
R;r+ Ry
For two voltage supplies we get:
I U+U B 2-U
" Ri+R/+Rr 2 R/+Rr

For an arbitrary number n of voltage supplies
we get:
n-U _ U

I, = —
" n-Ri+Rrp Ry + 1

To find the maximum possible electrical current
we increase the number of voltage supplies to-
wards infinity:

Tax = lim L E
n—oo R; _|_ Ry
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Hence, for every number of voltage supplies we
found an associated total current and a limiting
value for an infinite number of voltage supplies.

Let’s assume the voltage supplies have a volt-
age of 1V with an internal resistor of 1. With
a terminating resistor of 3 ) we get for I in am-
pere:

1 2 3 4
II:Z 1'2:5 13:6 1427

5.2. Definition of sequences

Remark: Most of the concepts discussed here
are valid for real and complex numbers. There-
fore we will use K which stands for either R or
C. Every statement using K is valid for R and
C.

Definition 5.1 (Sequence). A sequence maps
N to K. We write (zp,)nen or just (x,) where
every n € N is mapped to a real or complex
number z,. <

Example 5.2. Some sequences:

e The sequence (a,) with a, = 2 is a se-
quence of real numbers:

"»—A

g ee e

i [

, Qg4 =

W=

, a3z =

DI~

2l I
e
N—

al = 1y

(an) =

1\3‘,_. g

—

l
K

e The sequence (b,) with b, = 2 is an exam-
ple of a constant sequence:

(bn) = (2,2,2,2,2,...)

e The sequence (¢,) with ¢, = j" is complex
and periodic:

(CTL) = (.]7 _17 _j7 1aj7 _17 _jv 17 c )
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Definition 5.2 (Bounded sequence). A se-
quence (a,) is said to be bounded if there exists
a limit M € R such that

lan| < M for all n € N

Example 5.3.
e (ap) with a,, = 1 is bounded
e (b,) with b, = n? is not bounded
e (c,) with ¢, = (—=1)" is bounded

e (d,) with d, = 2™, € C is bounded for
lz| <1

Definition 5.3 (Monotonicity). Let (a,) be a
sequence of real numbers. (a,) is called

increasing if  apy1 > an
decreasing if  apt1 < ay
strictly increasing if  apy1 > an
strictly decreasing if  apy41 < ap

for all n € N. If a sequence is (strictly) increas-
ing or (strictly) decreasing we call it (strictly)
momnotone. <

Remark: This definition on monotonicity is
not applicable for complex sequences since com-
plex numbers can not be ordered.
Example 5.4.

e (a,) with a,, = % is strictly decreasing

e (b,) with b, = n? is strictly increasing

e (¢,) with ¢, = (—1)™ is not monotone

e (d,) with d, = 2" is monotone for z € R>g
and strictly monotone for x € Ry \ {1}

32

5.3. Convergence and divergence

Definition 5.4 (Epsilon-neighbourhood). For
a number x € K and € € Ry we say

Ue(r) ={y e K[|y — x| <e}

is the epsilon-neighbourhood of x. <

Remark: For real numbers the epsilon-neigh-
bourhood equals the open interval between x —e
and z +¢€:

Ues(z)=(xr—e,x+¢) forzeR.

For complex numbers the epsilon-neighbour-
hood equals a circular disc on the complex
plane with diameter 2¢. All numbers inside this
disc (excluding the edge) belong to the epsilon-
neighbourhood of x.

Im

Definition 5.5 (Convergence). A sequence
(ay) with a, € K is said to be convergent with
limiting value a if for any ¢ € Ry there exist
an N € N such that all a, with n > N are el-
ements of the epsilon-neighbourhood U.(a). In
short:

Ve € Ry INENVR>N:la, —a| <e

Example 5.5.

e The sequence (a,) with a, = J; is conver-
gent.
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an,
1 A .
1] .
2
26 0 T T T T * * * >
w12 3 4 5. 6.7 "
_ 1]
2

1/n

e The sequence (b,) with b, = e~*/" is con-

vergent.

e The sequence (c¢,) with

_ o—n/20+in/4

= e ™ 2[cos(2) + j sin(2)]

Cn

is convergent.

Im(cy,)

<

Remark: A sequence is said to be a zero se-
quence if its elements converge towards zero.
E.g. in the previous example (a,) and (c,) are
Zero sequences.
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Definition 5.6 (Divergence). Non-convergent
sequences are called divergent sequences. <

Example 5.6.

e (ap) with a, = n is not convergent, i.e.
divergent.

e (b,) with b, =j" is divergent.

e (¢,) with ¢, = 2™, x € R is convergent for
x € (—1,1] and divergent otherwise.

e (d,) with d,, = 2", z € C is convergent for
|z| <1Az=1 and divergent otherwise.

Theorem 5.7 (Convergent sequences bound-
ed). Convergent sequences are bounded. <

Remark: This theorem states an implication:
If a sequence is convergent then it is bounded
too.

The reverse is not valid: A bounded sequence
may or may not be convergent.

Example: The sequence (a,) with a, =
(—1)™ is bounded but not convergent.

an‘

1A L] L] L] [ ] [ ]
2 4 6 8 10"

_1A ° ° ° ° °

Theorem 5.8 (Monotone bounded sequences).
Monotone bounded sequences are convergent.
<

5.4. Limit of sequences
Definition 5.9 (Limit of a sequence). For a
convergent sequence (a,) where the elements a,,

converge towards a we write:

lim a, = a
n—oo
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Remark: Other (abbreviated) notations are:

lima, = a

a, — a
n—oo

an, — a

Example 5.7.
e for (a,) with a, = 1 we have

. .1
lim a, = lim — =0
n—o00 n—oo N

e for (by) with b, = ;%7 we have

1
lim b, = lim i = lim —— =1
n—o00 n—oon + 1 n~>ool-|-ﬁ

e for (c,) with ¢, = “tL we have
1 1+2
lim ¢, = lim n = lim n =1
n—o00 n—oo N n—oo 1

e for (d,) with d,, = %, x € R we have

:L.TL
lim d, = lim — =0
n—o0 n—oo M.
since for n > |z| the denominator increases

faster than the numerator, i.e.

|dpnt1] < |dn| for n > |z|

e for (e,) with e, = ¢!/ we have

lim e, = lim et/n =0 =1
n—oo n—oo

<

Remark: Obviously, for a zero sequence (a,,)
we have:

lim a, =0
n—oo

Hence, (a,) and (d,) in the previous example
are zZero sequences.

Definition 5.10 (Definite divergence). A se-
quence (ay) with a, € R is divergent towards
+o0 if for any K € R there exist an N € N such
that for all a,, with n > N we have a, > K. In
short:

VKeRIANeNVn>N:a, > K

34

A sequence (a,) with a, € R is divergent to-
wards —oo if for any K € R there exist an
N € N such that for all a, with n > N we
have a, < K. In short:

VK eRAN eNVn> N :a, < K

Example 5.8.
e For (ay) with a, = n we have

lim a, = lim n = oo
n—oo n—o0

o

o 2 4 6 8 10"
e For (b,) with b, = exp (%) we have

lim b, = lim exp (n) = 00
n—oo n—oo 5

e For (¢,,) with ¢, = In(1/n) we have

lim ¢, = lim In (%) = —00
n—oo n—oo

Cn ,

0 hd T T T T T -
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Theorem 5.11 (Calculating with convergent
sequences). Let (a,,) and (b,) be convergent se-
quences. We have for the sequence of sums
(an +by) and the sequence of products (a, - by):

lim (a, £b,) = lim (a,)+ li_}m (bn)

n—oo — 00
A3l (O n) = 100, (0n) - g, ()

If b, # 0 for all n € N and lim,,—,~ (by,) # 0 then
we have for the sequence of quotients (§*):

lim (&) = 77111_{20 (o)
bn ) lim (by)

n—o0

<

Example 5.9. Let (a,) be a sequence with
anp = 221 and (by) be a sequence with b, =

cos(). Then we have:
2n — 1 2-1

e lim a, = lim = lim —2 =2
n—00 n—00 n n—00 1

1
e lim b, = lim cos <> =1
n

n—oo n—o0

e lim (a, +b,)= lim a, + lim b, =3
n—oo n—oo n—oo

e lim (ap, —b,) = lim a, — lim b, =1
n—oo n—o0 n—oo

e lim (a,-b,) = lim a,- lim b, =2
n—oo

n—0o0 n—0o0
a lim a,
. n n—oo
e lim [ — ) =— =2
n—oo \ by, lim b,
n—0o0

5.5. Problems

Problem 5.1: Evaluate the first five elements
of the following sequences:

e (ay) with a, = 3n

o (by) with b, = 2t

_ n’4n
2
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Problem 5.2: Which of the sequences in the
previous problem are bounded?

Problem 5.3: Fill the following table with |/
for the appropriate properties of the sequences
in problem 5.1.

o0 op | 90 <O Y o
=R I B = 0= = =
|82 5| 85|5|83
5| E2 | 8| €8 | 8| E5
Sl e | 2| 23 g mg

sequence | = ~

(an)

(bn)

(cn)

(dn)

(en)

(fn)

(9n)

Problem 5.4: Describe U.(2) with & = 3 for
real numbers and plot it on the real line.

Problem 5.5: Describe U.(j) with e = % for
complex numbers and plot it on the complex
plane.

Problem 5.6:
own words.

Describe convergence in your

Problem 5.7: Which of the sequences in prob-
lem 5.1 are convergent, which of them are diver-
gent?

Problem 5.8: Find the limit of the following
sequences:
e (a,) with a, = # +1

bn) with b, = 241

* 2n—1

n2-1
2n2

2

e (d,) with d, = %5

—4n

(
e (cp) with ¢, =
(

e (ey) with e, = tan (217;11)

Problem 5.9: For the sequences in the pre-
vious problem find the limits of the following
expressions:

a) (an + bn)

c) (cn - dp)

b) (an - cn)

@ (5)
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6. Series

6.1. Introduction

Example 6.1. Achilles and the tortoise.

For some reasons Achilles, the famous runner
of the Greek mythology, has a race with a tor-
toise. Obviously the tortoise has not the slight-
est chance and, hence, is given a head start of
100m. Let us assume that Achilles runs (only)
twice as fast as the tortoise and both run with
a constant speed.

Some time after the start Achilles reaches the
100m point where the tortoise started. How-
ever, the tortoise is not there but ran already
50m and is at 150 m. So, Achilles runs another
50m, but again does not reach the tortoise who
ran another 25m. Will Achilles ever reach the
tortoise? And if yes, where will it be?

Of course, we could set up an equation and
solve it for the point where the two runners
meet. However, let us look at it as a sequence
of distance steps of Achilles in meter: ag = 100,
a1 = 50, ag = 25, ag = 12.5 etc. So, we define
a sequence by

(an) = (100,50, 25,123, 61,...)

where
1 n
an:100(2> forn=20,1,2,...

The following sketch shows the first three dis-
tance steps of Achilles:

A T
start :
ag |
= 1
A T
step 1 ‘
a1
—
A T
step 2 ‘
a2
AT
step 3 L

We also may look at it on a diagram where we
plot the time on the abscissa an the distance of
Achilles and the tortoise on the ordinate:

36

A !
a

2{ ,,,,,,,,,,,,,,,,,,,, ‘ Lo

. | | [

ap || oroE | S

. | o

'\\Q’ | | (.

RTINS | Co

| | | |

| | | |

To find the point where Achilles and the tortoise
meet we sum up the distance steps which gives
us a sequence of partial sums. With

n n 1 k
Sn = kzoak = 100;0 <2>
we have

(sn) = (100,150,175,187%,1933, .. )

Sn 'y
200 t-------------=---- e---- -
150 .
100 -+

50

0 T T T T T >
0 1 2 3 4

From theorem 2.21 on page 17 we know

|
—

n k_l—q”
q -1
0 q

e
Il

we get for the partial sums:

1\n+1
H")
To get the point, where Achilles and the tortoise
meet we have to find s,, for an infinite n:

hence with ¢ =

)n—l—l

A N[

1
s = 1000712} _ogg (1 _

lim s, = hm 200 | 1— (f)n+1 = 200
—

n—oo
—0

At last, they will meet at the 200m point! <
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6.2. Definition of series

Definition 6.1 (Partial sum). Let (a,) be a
sequence. The n'® partial sum s, is defined by:

n
sn:Zak:ao—l—m—i-ag—i—...—i-an
k=0

<

Remark: If we combine all partial sums to a
sequence (s;,) we call it the sequence of partial
sums.

In the previous chapter we defined that a se-
quence maps N to K (which is R or C), i.e. the
elements of a sequence (ay) with the subscripts
1,2,3,.... In this chapter we untighten this def-
inition and allow the sequence to start at other
values than one, e.g. at zero or two.

Example 6.2.

e For the Gaussian sum we have the sequence
of natural numbers

(an) = (1,2,3,4,5,6,7,...)

and the partial sums

n

n
n(n+1
Sn:Za’k: k:(z)
k=1 k=1

which gives us the sequence of partial sums:

(sn) = (1,3,6,10,15,21,28,...)

e For the square numbers we have the se-
quence of odd numbers

(an) = (1,3,5,7,9,11,...)

and the partial sums
n
sn:Z(%’—l):nQ
k=1

which gives us the sequence of partial sums,
i.e. in this case the sequence of square num-
bers:

(sn) = (1,4,9,16,25,36,49,...)

e For the sequence

(an) = (3,15 16733+ -)
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we get the partial sums

n

1 1 2" —1
m=) w=l-m="m
k=1

which gives us the sequence of partial sums:

(Sn) = (%7 %7 gv %7 %a . )

<

Definition 6.2 (Series). Let (a,) be a se-
quence. We call

0o
Zak:ao+a1+a2+a3+...
k=0

an (infinite) series. <

Remark: We call a,, the n'™ series element.
If a sequence (a,) starts with an index greater
than zero the first few series elements are
treated as zero.

Example 6.3.

e Harmonic series:

i1—1+1+1+1+
—k 203 40T

e Leibniz series:

2 (—1)F 1 1 1
=l ot

k:02k+1 3 5 7

Sn a

1-

I < .« ___ s
° ° . 4

1]

2

0 T T T T T T T Tn

0O 1 2 3 4 5 6 7
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e Euler’s number:

=1 1 1 1
Z*_HH RETRTRE
k! 3!

k=0

=2.71828. ..
Sn
3A
777777777 - -0 —— —-e¢-—-e- €

24 e

1 -

0 T T T

6.3. Convergence of series

Definition 6.3 (Convergence and divergence).
Let (ay) be a sequence and (s,,) the correspond-
ing sequence of partial sums, i.e. s, = > 7 ak.
If the sequence (s;,) is convergent we say the se-
ries Y p°  ay, is convergent and the limit is given

by:

oo

Z ap = lim s,

n—oo

k=0
Series that are not convergent are called diver-
gent. <
Example 6.4.

e The series Ziio ap with a, = % is conver-
gent with Euler’s number as limiting value:

o0

> 1
Z E_e:2.71828...
k=0 k=0

e The harmonic series > 5o by With by = ¢
is divergent:

ZZ;
k=1 k=1

This becomes clear when looking at the
partial sums son, n = 0,1,2,...; i.e. s1,
S2, S4, Sg, S16 etc. The difference between
these partial sums is > %
1+ 5 +3+3+i+5+s+3+.
A \—/—’

2 >

N|=

1 1
=2 2

38

Hence we have
sgn > 1+ 75 forn=1,2,3,...

Since the this term has a limit of co the
harmonic series diverges towards oo too.

(=1*

e The series ) 72 | ¢ with ¢ =~ is con-
vergent:
o0 o0
(=1)F
So -3
k=1 k=1
<

Theorem 6.4 (Calculating with series). Let
Y oregar and Y_p2 by be convergent series and
¢ € K. Then the series Y oo (ar + bx) and
Y re o cay are convergent too and we have:

o0 oo oo
D (ak+be) =D ar+ Y b
k=0 k=0 k=0

o0 o
S o3
k=0 k=0
<
Example 6.5. With the two sequences (a,),

an = 57 and (by), by, = (—1)"5k both for n =
0,1,2,... and ¢ = 3 + j we have:

o0 (o ¢]
Zak:2 and Zbk:%
k=0 k=0

Applying the previous theorem we get:

Zak+2bk— %

o0
° (ar, +b) =
k=0

o o

° ank :cZak =64 2j
k=0 k=0
o0 (o.)

. ZCbk: :chk :2+%j
k=0 k=0

Example 6.6. Let (a,) be a sequence with

1

ap = on+l 4 2nj

What is the limiting value for the sum of all
elements of (ay)?

o0

1 1
Zak 22k+1+2k :kzog.gk+2kj
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> 1 =1
:Z(Q-i-J) 2k 2+JZT€

1 2 2—) 4-12
24§ 7 24 2—) 4+1
_ 4 2.
=575
<
6.4. Geometric series
Theorem 6.5 (Geometric sum). We call
Zxk =l4z+22+23+.. . 42"
k=0
geometric sum. For any x € K4; we have:
n
D
11—z
k=0
<

Remark: The term geometric sum comes from
the fact that each summand is the geometric
mean of the two neighbour summands:

A = /0k—10k+1

i.e.
ap = Vak—Tghtl — \/z2%k — gk
Example 6.7.
7 8
1-3 —6560
o) 3= = = 3280
Py 1-3 —2
4 4 k 1\5
1 1 1- (5) 15
Y2 (3) -
k=0 k=0 2

4
.23:1:1_(110) :1111 1.111

<

Example 6.8. In computer science unsigned
binary integers consist of a number of binary
digits each with the two possible values zero and
one. The rightmost digit (bit 0) is weighted
with a factor 1 (i.e. 2°), the second digit from
the right (bit 1) has the factor 2 (i.e. 2!), the
third (bit 2) the factor 4 (i.e. 22) and so on.
What is the greatest number to be stored in
unsigned integers with n bits? We notice that
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we deal with the geometric sum and that the
leftmost bit has the number n — 1.

TL

22’“ 1__2 =92" 1

Some typical examples:
e 1 byte = 8 bit: 255
e 2 byte = 16 bit: 65535
e 4 byte = 32 bit: 4294967 295

<

Theorem 6.6 (Geometric series). The geomet-
Tic series

[ee]
Zwk:1+x+x2+x3+...
k=0

with z € K is convergent for |z| < 1 and we

have:
[o¢]
$
k=0
<
k
%] 4 x| =2
2 1 .
]_4kEEE:—r——r——&——&——r——o‘x|_1
~e_ *\‘°‘I|:§
O T T T T T T T >
01 2 3 4 5 6 7 k

Example 6.9. We come back to example 6.1
in the introduction of this chapter. There we
found the sequence (a,) with a, = 100 ()"
for n = 0,1,2,.... To find the meeting point
of Achilles and the tortoise we take the infinite
geometric sum:

oo o] k

1 100
Zak ooz <2> - 00
k=0 k=0

1
2

<

Example 6.10. What is 0.999999...7 Each
digit behind the dot has a weighting factor of
% of its left neighbour. Hence, we may write:

oo 9 [e'e) 9 [e'e) 1 k
XX =0 ()
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<

Remark: The fact that the geometric series is
convergent for |x| < 1 serves as a tool to prove
convergence of arbitrary series, see theorem 6.11
and 6.12. There we use two properties of the
convergent geometric series:

Vdan| = Vlzn| = || <1

i1 $n+1

an

=lz|] <1

6.5. Convergence criteria

Theorem 6.7 (Convergent series). If a series
Y rear is convergent, then the sequence (ay,)
is a zero sequence. <

Remark: This is an implication and, hence, is
not valid in the other direction. However, due
to this theorem a necessary but not sufficient
constraint for convergence of a series is that the
corresponding sequence (a,) is a zero sequence.

Example 6.11.

e For all examples with convergent series
> reo ar in this chapter the sequences (ay,)
are zero sequences.

e The harmonic series Zzozl ap with ap = %
is divergent, however, the sequence (a,) is
a zero sequence.

<

Definition 6.8 (Absolute convergence). Let
Y repar be a series. If the series > o2 |ag| is
convergent, then we call Y72 ai absolute con-
vergent. <

Theorem 6.9 (Absolute convergent series are
convergent ). Every absolute convergent series is
convergent. <

Remark: If we find that a series is convergent
for the absolute of its elements it is convergent
for any signs of the elements. However, if a
series is absolute divergent it may or may not
be convergent.

40

Example 6.12.

e The series > 7, ai with a = :l:ki2 is ab-
solute convergent and, hence, is convergent
for any signs of ay.

e The series Y p—; ai with ay = (71]):”1 is ab-
solute divergent (harmonic series) but still
convergent with the limit In 2.

Theorem 6.10 (Comparison test). If the series
> pe o by is absolute convergent, then the series
> reo ak is absolute convergent too if for almost
all summands we have |ax| < |bg|.

Let Y 72, br be an absolute divergent series.
The series )~ aj is absolute divergent too if
for almost all summands we have |ax| > |bg]|.
(Although being absolute divergent it still may
be convergent for appropriate signs of the sum-
mands.) <

Remark: The term almost all in the context
of an infinite number of elements means “all,
except a finite number of elements”.

Example 6.13. Is the series ) .- a; with
ap = Qk—lﬂ convergent? We look for a series
that serves as a limit for the comparison test.

The geometric series Zzozo b, with by, = 2% is
convergent and we have:

|ak| < ‘bk| for all k € N

Hence, the series Y .° ; ay is convergent.

;D )

14\/bk:2k

_ 1
0.5 *"\\ ‘/ ap = 2k 1

h Y
“.
0.2 1 RO
0.1 4 \}\
0.05 - .
\‘\
0.02 - N
‘\
0.01 X

0 1 2 3 4 5 6
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Example 6.14. Is the series > ;- ,a; with
ap = ﬁ convergent? We look for a series that
serves as a limit for the comparison test.
The harmonic series Y p- ; by with b = % is
divergent and we have:
lak| > |bkl forall ke N,k > 2

Hence, the series > ;2 , ay, is absolute divergent.
Since all ay are positive the series is divergent.

ak, by
1‘ a 1
\ k:f;_l
e
\
1
\ =
%ﬁ\\ \\\ by =
N
Te _T e _
.-“::::t::.::z.
O T T T T T T T
2 3 4 5 6 7 8 9 k

<

Theorem 6.11 (Root test). Let > _aj be a
series. If there exists an N € N such that for all
n > N we have

Vian| <1

the series is absolute convergent. If there exists
an N € N such that for all n > N we have

Vian| > 1

the series is divergent. I.e. for

q= lim {/|ay|

n—oo

if ¢ < 1 the series is absolute convergent, if ¢ > 1
the series is divergent and if ¢ = 1 the root test
does not give evidence on convergence. <

Remark: The root test has been developed
by Augustin-Louis Cauchy and, hence, is some-
times called Cauchy root test or Cauchy’s radi-
cal test.

Example 6.15. Is the series Y, a; with

Vk
ap = ?
convergent? We apply the root test:

NG

on

g= lim {/|a,| = lim {

n—o0 n—o0
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Sl

I n (1 n — i n . n n
=, YV () = lim Ve §(G)
= lim \/¥/n-3=1%,/lim {n

n— o0 n—oo

Now we focus on the term /n

lim {/n = lim nw = lim exp (ln(n%)>

n—oo n—oo n—o0

With y = In(n) and lim,_, y = oo we get the
limit for the large brackets:

Ly Y
lim = = lim 3 3
y—oo eY yﬁool‘i‘y"‘yj‘i‘%"'"'
. 1
= lim =0

poe Ly 2y
Hence, we get for ¢:

1
g=3%,/lim {n=3vel =_
n—oo 2
Therefore, the series is convergent with ¢ having
the limit %

\k/ ’ak’ A

3

4

D=

ol

<

Theorem 6.12 (Ratio test). Let >, a; be a
series. If there exists an N € N such that for all
n > N we have

An+1
an

the series is absolute convergent. If there exists
an N € N such that for all n > N we have

Gn+41
an,

41



the series is divergent. L.e. for

an+1
an

q = lim
n—oo

if ¢ < 1 the series is absolute convergent, if ¢ > 1
the series is divergent and if ¢ = 1 the ratio test
does not give evidence on convergence. <

Example 6.16. Does the series >~ ax with
ap = 2?*, z € K converge? We apply the ratio
test:

2n+2
g = lim Intl] _ gy |2 "
n—00 | Qp n—o00 22”
= lim [2% = |2?|
n—oo

The series is convergent for |z] < 1 and diver-
gent for |z| > 1. For |z| = 1 the ratio test does
not give evidence on convergence. <

Theorem 6.13 (Alternating series test). Let
(an) be a decreasing zero sequence with positive
elements. Then the series
o
(—1)*ay,
k=0

is convergent. <

Remark: The alternating series test has been
discovered by Gottfried Leibniz and, hence, is
sometimes called Leibniz test or Leibniz crite-
T10M.

Example 6.17. The harmonic series
i 1_ 1+ L + E + E +
—k 23 40T

is divergent. However, since the series elements
form a zero sequence, a series with the same
elements but alternating signs is convergent:

(o)
(—1)k+1 1 1 1
14— —4...=In2
; k s t3 1" .

6.6. Problems

Problem 6.1: Solve the following expressions:

4
=3
k=1

S

42

Problem 6.2: Evaluate for the following se-
quences the first 7 elements (n = 0,1,...,6) of
the sequence of partial sums (s;,):

1. (an) with a,, =1 forn=20,1,2,...

2

3

Cn, Withcnzzn%gforn:O,l,Z...

- (an)
. (bp) with by =0, b, =2n—1 forn =1,2,3, ...
- (cn)
- (dn)

4. (d,) with d, = n? forn =0,1,2,...

Problem 6.3: Plot the first 7 partial sums of
the following series in a diagram:

k=0 k=1

00 (_1)k 00 1
3. 2. S Dy

k=1 k=0

Problem 6.4: With the two known series

=1 = (=1)k
Zﬁze Z(I<:+)1 =n2

k=0 k=0

find the limit of the following expressions:

a= goo 1 b= OOE (_1)k
k! 3k+3
k=0 k=0
— (2 (-1 — 2j - (—1)F
= — d:
¢ kzo ot k:+1> kzo k+1

11 11
a= Z ok b= Z ok
k=0 k=0
5 9
c= Z 4k d= Z 1k
k=0 k=0
o oo
e=> (3" f=> 3"
k=0 k=0

Problem 6.6: Find out which statements are
true:
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1. If a sequence (ay,) is a zero sequence, then
the series > ;- an is convergent.

2. If a series is absolute convergent, then it is
convergent.

3. If a sequence of partial sums is convergent,
then the corresponding series is convergent.

4. If a series Y po, an is convergent, then the
sequence (a,) is a zero sequence.

5. If a series is convergent, then it is absolute
convergent.

6. If a series is convergent, then its sequence
of partial sums is convergent.

Problem 6.7: Check the following series for
convergence by comparison test:

o0 [e.9]

k
1. ZkQ—l
k=2

o0

1 > k
3. _— 4. —_—
kzo\/k2+1 kzok3+k2—3

Problem 6.8: Check the following series for
convergence by root test:

3k
1. Zﬁ 2.
k2 + 3k
— 4k2

Problem 6.9: Check the following series for
convergence by ratio test:

8

kk
=2k

M8

B
Il
—

M8 ]

iy
o

B~
(]
—~
d| =
~—

B

LY 2> S
k=0 k=0

3. ikefk 4. ik?’ ek
k=0 k=0
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7. Power series

7.1. Definition of power series
Definition 7.1 (Power series). Let (a,) be a

sequence, zg € K being constant and z € K.
We define a power series with

o0
E akzk
k=0

or
o0
k
Z ax(z — 20)
k=0
and call zg expansion point. <

Remark: The expansion point 2y € K acts like
an offset for z. It is sufficient to study power
series without this offset knowing that we can
apply the gained knowledge to the more general
power series by shifting its domain by zj.

Hence, from now on we concentrate on power
series with expansion point 0.

Example 7.1. Some power series (the first is a
2" order polynomial):

o fi(2)=1432—-2224+023+0z4+...

o)
. f2(z):sz:1+z+22+z3+...
k=0

oo
fg(Z):Zk!Zk:1+Z+2!Z2+3!Z3+...

k=0

e Zk 22 3
.f4(2):ZE:1+Z+§+3|+ :ez

k=0

e k 2

-1

. f5<z>zz(k+>1zk:1_2+3—

k=0
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7.2. Convergence of power series

Definition 7.2 (Convergence). If a power se-
ries has a limit we call it convergent — and diver-
gent otherwise. For all z € K where the power
series is convergent we may treat the power se-
ries as a function and write:

1) =Y a
k=0

<

Remark: How do we find out whether a power
series is convergent? With

o

> ot

k=0
we apply the ratio test:
+1

n
. Ap417 . An+41
lim | ——| = lim z
n—00 anz™ n—00 | Qp
. An+1
= |2 lim |—=*
n—00 | Oy
=lzlg <1

where ¢ is the ratio to check convergence of the
series o2 ak:

Gp+41
an

q = lim
n—oo

If ¢ = 0 then the power series is absolute conver-
gent for any z € K. If ¢ = oo the power series
is convergent for z = 0 only. If 0 < ¢ < oo then
the power series is:

absolute convergent for |z] < %
divergent for |z] > %
unclear for |z| = %

(The same may be done with the root test.)
This leads us to the main theorem of power
series:

Theorem 7.3 (Main theorem on power series).
Let (a,) be a sequence and z € K. For the

power series
oo
E apz®
k=0

one of the following holds:
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1. convergence for z = 0 only
2. convergence for all z € K

3. There is a number r € Ry such that the
power series is absolute convergent for all
|z| < r and divergent for all |z| > r. For
|z| = r convergence in unclear.

This number r is called radius of convergence.
If the limit exists it may be calculated by:

. an
r= lim
n—o0 an+1
or
. 1
r= lim

n—00 "/|an|

<

Remark: Please mind that the radius of con-
vergence 7 in this chapter differs from the ¢ to
check convergence of series in the previous chap-
ter!

Remark: On the complex plane the set of all z
where the power series is convergent represents
a circular disc. The power series is convergent
for all z within this disc and divergent for all
z outside this disc. Along the edge of this disc
convergence is unclear.

Im,
unclear
/ for |z| =r
/// \\
/ T \
! 1
T 1 >
' ] Re
\ 7
N
divergent R ’\
for |z| > r absolute
convergent
for |z] <r

For a power series with expansion point zg
(see definition 7.1) the disc shifts with its centre
to zp:

Im,

e divergent for
‘ \ for |z — zo| > 7

| absolute
\ '7\ convergent for
|z — 20| <

unclear for
|z — 20| =7
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Example 7.2. We look at the power series in
example 7.1:

e fi(z) is absolute convergent for all z € C.
(A finite polynomial is convergent for all
ze€C.)

f2(2) is absolute convergent for all |z| < 1
(ratio or root test).

f3(z) is absolute convergent for z = 0 only
(ratio or root test).

fa(z) is absolute convergent for all z € C
(ratio or root test).

f5(z) is absolute convergent for all |z| < 1
(root test).

fe(2) is absolute convergent for all |z| < 2
(root test).

7.3. Exponential function

Definition 7.4 (Exponential function). With
z € K we define the exponential function with:

Oozk
exp(z) =Y J
k=0

_, Z2 23 4

Theorem 7.5 (Calculating with exponential
function). With e € R, e = exp(1) and z € K
we have:

e = exp(z)
With 21, z0 € K we have:
z1+22

z1 z9

e =€ e

<

Remark: FEspecially for z € C, a € R, b € R
and z = a + jb we have

where e® is a damping factor over —a and el is
oscillating over b with amplitude one.
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Example 7.3. We want to analyse the function
f(t) — e(flJrSj)t —et. eSjt

fort € R, 0 <t < 3. The imaginary part of
the exponent results in an oscillating value. For
0 <t < 3 the imaginary part of the exponent
ranges from 0 to 24 which equals almost four
cycles (22 ~ 3.82).

., Re(eM?) = cos(8t)/ Im(e8?) = sin(8t)

The real part of the exponent is a damping fac-

tor from €% to e 3:
e_tA
1 B
0 T T T >
0 1 2 3t

The function f(t) is the product of the two ex-
ponential functions:

In engineering the real part is often used to ex-
press a damped oscillator. <

46

7.4. Trigonometric functions

Definition 7.6 (Sine and cosine function).
With z € K we define the sine and cosine func-
tion with:

io: k: 2k:+1
Sln
o 2k‘ + 1
_ 23 2,5 27 2’9
R T
oo
(71)k22k
COS(Z) = W
k=0 )
2’2 24 2’6 28
J— - P - _|_ -

Remark: The geometric representation of sine
and cosine for real arguments on a unit circle
are given below:

Y
1 4

unit circle

sin ¢

cos ¢

Remark: Due to the odd exponents of z the
sine is point symmetric

sin(z) = —sin(—z2)

whereas the cosine with its even powers is axial
symmetric:

cos(z) = cos(—z)

Theorem 7.7 (Euler’s formula). For z € K we
have .
e* =cosz+jsinz

Proof.
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Figure 7.1.: Coordinates for some angles on a unit circle, i.e. (cos,sinp), p € R.

LG22 G2, o)t
=14+jz+ o1 + 3 + 1 + ...

=cosz+jsinz

O]

Remark: Euler’s formula is of particular inter-
est for real arguments:
e/ = cosx + jsinz with z € R

Remark: Due to the symmetry of the sine and
cosine function we have for a negative exponent:

e ™% = cos(—z) 4+ jsin(—z) = cos z — jsin z

This leads us to the weighted sums of expo-
nential functions to express the sine and cosine
function:

February 26, 2022

Theorem 7.8 (Sine and cosine by exponential
function). With z € K we have

. e —e)?

sing = ————
2j

e’ + e J*

cosz = ———
2

<

Remark: Now we can derive the addition the-
orem for sine and cosine, e.g.

2jsin(a + b) = @+Y) _ g=ilat)

— plaglh _ p—ja,—ib

= (cosa + jsina)(cosb + jsinb)
— (cosa — jsina)(cosb — jsinb)

=cosacosb+ jcosasinb
+ jsinacosb —sinasinb
—cosacosb+ jcosasinb
+ jsinacosb 4+ sinasinb

= 2jcosasinb+ 2jsina cosb

sin(a + b) = cosasinb + sina cosb
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sin x

Figure 7.2.: Sine, cosine, tangent and cotangent for real arguments in the range —2x...27.

Theorem 7.9 (Addition theorem). With a,b €
K we have:

sin(a +b) =sina - cosb £ cosa - sinb

cos(a £ b) =cosa-cosbFsina-sind

<

Definition 7.10 (Tangent, cotangent). With
z € K and cos(z) # 0 we define:

sin(z)

tan(z) = cos(z)

With z € K and sin(z) # 0 we define:

cot(z) = cos(z)

sin(z)

<
Remark: The geometric representation of tan-
gent and cotangent for real arguments on a unit
circle are given below:
Yy cot
1l == -

unit circle

tan ¢

—_
&V
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Remark: Some easy to memorize values for
sine, cosine, tangent and cotangent for real an-
gles:

(?:ggler;; sin cos tan cot
00 [¥W=0 |¥=1 | 0 |undef.
05 |%=35 |7 Y IRL
45| T | V2= % 2 - 51 1
0519 |¥=3 | V3| &
90 | 2 | =1 |¥Y2=0 |undef.| 0

Due to symmetry and periodicity we can derive
the function values for all these angles plus 7,
n € Z. E.g. for the sine function we have:

sin p = —sin(—y)
sin p = —sin(p + )
sinp =sin(p + 2nw), nez

Similar relations (but not exactly the same)
hold for the cosine, tangent and cotangent func-
tions.

Remark: In an right-angled triangle we have:

. _ opposite
sinfi) = hypotenuse
_adjacent
cos(p) = hypotenuse
opposite
tan(yp) = adjacent
cot (i) = adjacent
opposite
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hypotenuse, h

Definition 7.11 (Secant and cosecant). With
¢ € K and cos(p) # 0 we define the secant as:

1
cos(p)

With ¢ € K and sin(g) # 0 we define the cose-
cant as:

sec(p) =

csc(p) = cosec(yp) = Sn (@)

Remark: The geometric representation of se-
cant and cosecant for real arguments on a unit
circle are given below:

Y
l+——<--- -~ ~
’
” ’
’
’
unit circle - .
.’ ’ )
Q |
GC*’G |
|
|
o ‘
&
o :
‘ T
1

Definition 7.12 (Inverse trigonometric func-
tions). We define the inverse of sin, cos, tan,
cot, sec and csc with real arguments as:

_ _r T
arcsin:{ [ L1 = [-3,3]
sin(y) — y

February 26, 2022

arccos :

arctan :

{ ol
{
arccot : { (0’ )
{ s
{ e

[,OO)—>(077T)\{%}

arcsec :

[1 %) = (=5, 5\ {0}

<

Remark: Other notations for the inverse tri-
gonometric functions are sin~!(x), cos™!(z) etc.
Do not confuse this notation with the recipro-
cal, e.g.

1
sin(x)

arcsin(z) = sin~*(z) # (sin(z)) ™! =

7.5. Problems

Problem 7.1:
are power series?

Which of the following series

Pt k+1
Pa(z) =) (427

k=0

> z z k
#e) =3

k=0

> z 4 2)k
MA=Y 2T

k=2

Problem 7.2: Find the radius of convergence
for the following power series:

oo
S
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o
(42 — 4)k+1(2 +1) =tanlcotl
f5(2) = Z o x3 n
k=0 x5 = cos g tan §

Problem 7.3: Plot the region of convergence
on the complex plane for fy(z) and f5(z) of the
previous problem.

Problem 7.4: Find the radius of convergence
for the exponential function.

Problem 7.5: For t € R plot the following
functions in the range 0 <t < 7
fi(t) = €™ fa(t)
f3(t) = ¥ fat) = e
f5<t) _ e(l/7r+10j)t fﬁ(t) _ e—(1/7r+6j)t

672t/7r

Problem 7.6: Show with Euler’s formula that
the following holds for any z € C:

sin® 2 + cos’z=1

Problem 7.7: Show that the following equa-
tions hold:

sin(a — b) = sinacosb — cosasinb

cos(a +b) = cosacosb —sinasinb

cos(a — b) = cosacosb + sinasinb

Problem 7.8: Express the following terms
by exponential functions only and try to reduce
them to a minimum:

fi(g) = cosp —jsine

fa(p) =sinp + jcosy

f3(p) = 2jsingp 4 e71¥

fa(p) = cosp — 3eI¥

f5() = $Re(e) + I
fs() = cos? o + () sin

Problem 7.9: Simplify the following terms
(without a pocket calculator):

—<in ¥ T — iy T
X1 = SI 7 COS xg—tan4cot4

50

- fuy fuy
e = Ccot 3 COS &
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8. Functions

8.1. Definition of functions

In chapter 1 we saw already a broad defini-
tion for functions, i.e. there domain and image
where arbitrary sets. In calculus we concen-
trate mainly on real and complex numbers and,
hence, domain and image are subsets of real or
complex numbers.

Definition 8.1 (Function). Let D C K and
zeD.

e A real-valued function maps every element
of D to exactly one element of R and we

write:
J D—=R
f{xHﬂ@

e A complex-valued function maps every ele-
ment of D to exactly one element of C and

we write:
f D—C
e flo)
<
Example 8.1.
of:{(CH]R force R
T c

real-valued constant function.
: { C—C
e idc:
T x

complex-valued identity function.

b C—R
R (P PEN |z| = \/ReQ(x) + Im?(x)

real-valued absolute function.
.- R—=R
Pz p(x) =31y apa®

real-valued polynomial of n'" order with
coefficients ag, a1, ...,a, € R.

. oxp - C—-C
b x +— exp(x)

complex-valued exponential function.
<
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Remark: There are different ways to describe
a function:

1. analytical either in implicit form f(x,y) =
0, e.g.
24y?-1=0

or in explicit form y = f(z), e.g.
y=+v1-—2x2

2. by a table, e.g.

T y

-1.0 | 0.000
-0.8 | 0.600
-0.6 | 0.800
-0.4 | 0.917
0.2 | 0.980
0.0 | 1.000
0.2 | 0.980
0.4 | 0.917
0.6 | 0.800
0.8 | 0.600
1.0 | 0.000

3. as a set, e.g.
{(z,y) € [~1,1] xR |y =1—22}

4. with parameter, e.g.

x =cost, y=sint forte[0,n]

The examples describe the function illustrated
by the following graph:

Y,
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8.2. Properties of functions

Definition 8.2 (Monotonicity). A real-valued
function f: D - R, D C R and a,b € D with
a > b is called:

e increasing if f(a) > f(b)
e decreasing if f(a) < f(b)
e strictly increasing if f(a) > f(b)

strictly decreasing if f(a) < f(b)

If a function is (strictly) increasing or (strictly)
decreasing we call it (strictly) monotone. <

Definition 8.3 (Bounded function). Let D C
K and f: D — K be a real- or complex-valued
function over D. We say f is bounded if there
exist an M € R such that |f(z)] < M for all
x € D:

dM eRVz e D :|f(x)| <M

<

Definition 8.4 (Symmetry). Let D C K be the
domain of a real- or complex-valued function
f : D — K. The function f shows

e reflection symmetry if f(—x) = f(x)
e point symmetry if f(—z) = —f(x)
<

Remark: The definition of point symmetry
may be extended to point symmetry w.r.t. a
point (zp,y0). Similarly reflection symmetry
may be extended to reflection symmetry w.r.t.
a line defined by ax + by = c.

Definition 8.5 (Periodicity). Let D C K be
the domain of a real- or complex-valued func-
tion f : D — K. The function f is said to

be periodic if there exist a non-zero constant
T € D with

flz+T) = f(x) forall z +T,2z € D

<
Example 8.2.
o oxp - R—R
L exp(z)

is strictly increasing, is not bounded, is not
symmetric and is not periodic.

52

: { R — R
® SII .
x > sin(z)

is not monotone, is bounded, is point sym-
metric and is periodic over 2.

.- R—R
Pz z?" . neN

is not monotone, is not bounded, shows re-
flection symmetry and is not periodic.

.- -1,1]—-R
p- z— -2 neN

is strictly decreasing, is bounded, shows
point symmetry and is not periodic.

Y,
I
1 -
) _— —:Cl
i - g3
[\ 5
: “\\ ....... —x
I ‘-'\\
I Y
'.~N
| N T : ?L‘
-1 AR 1
L
I
(N
o
A
Vi
1 \

Definition 8.6 (Zero of a function). Let D C
K be the domain of a real- or complex-valued
function f: D — K and 2’ € D. For

fl@) =0
we say x’ is a zero of f. <
Definition 8.7 (Extrema). Let D C K be the
domain of a real-valued function f : D — K

with #’ € D and the epsilon neighbourhood
U-(2'). We say 2’ is a

e l[ocal mazimum if

f(@) > f(x) for all z € U(2') N D
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e [ocal minimum if

f(2") < f(x) for all z € U (2') N D

e global mazimum if

f(@') > f(x) for all z € D
e global minimum if
f@') < f(x) for all x € D
If 2’ is a global/local maximum or minimum we
call it global/local extremum. <
Example 8.3.
.- R—=R
PPy zs1—22

has zeros at x = +1 and a global maximum
at x = 0.

1—z°, maximum

1\ z

{ R — R
® COS:
x +— cos(x)

has zeros at z = n7 + 5, maxima at x =
2nm and minima at x = 2nw + 7 for n € Z.

cos(x) , maxima
\/zeros\/ Z€ros
—T T or ¥
14
minima
on.d C—C
Prlzm a2+l
has zeros at z = +j. (Extrema are not
defined for complex-valued functions.)
R
o In: >0 = R
x — In(z)
has a zero at x = 1 and no extremum.
<
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8.3. Composed and inverse
functions

Definition 8.8 (Function composition). Let
X, Y and Z be sets and f : X — Y and
g:Y — Z be two functions. We define

) X =7
gof'{ z - g(f(x))

as the composition of f and g. <

Y
A
B
C
D

i

>
Remark: For the composition commutativity
does not hold, i.e. go f # f o g. The functions
must be applied from right to left, i.e. for (g o

f)(z) the function f is applied first and its value
serves as input for g, i.e. g(f(x)).

Example 8.4.

of: R—R
ger: x — exp(—a?)

is the composition of

f:{]R—>R2

T =T
and
J R=R
| =+ exp(x)

exp(—2?),

0.5
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Definition 8.9 (Inverse function). Let X and
Y besetsand f : X — Y be a bijective function.
We define

ISE Y = X
L f@) =
as the inverse function. <

Remark: Please mind: The inverse is not the

reciprocal: .
-1 L
77 5w

In a Cartesian diagram the inverse is the graph
reflected at the diagonal line x = y.

Example 8.5.
o exp: { R — Ry
x +— exp(z)

has the inverse:

ln' R>0—>R
|z In(x)
v Jexp(a)
2A ////
/1 ///// ln,(ilj’)
-2 -1 1 2 7
.7 _2A:

R—)R>0
* P T = $2_

has no inverse since it is not bijective.
.« p: R>0 = Rxo
| oz 2

has the inverse:
. { RZO — RZO
sqrt :

T =T
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e sin: { =53] = [=1L1]
" | z > sin(x)

has the inverse:

_ _T T
arcsin : { -1,1] _>[ 23]
x +— arcsin(x)
y .
7t arcsin(x)
5 ] ; 7/
"7
", .
1 S sin(z)
%
T T T T x
B 1z
7
//'
o —1
/// !
S
2

8.4. Continuity

For continuity we limit ourselves to real do-
mains here. For a complex domain the rules
of multiple argument functions apply which we
will handle in Math 2.

Definition 8.10 (Limit of a function). Let D C
R be the domain of a real- or complex-valued
function f: D — K. Withzg € D,z € D\{zo}
and yg € R or yp € C the expression

lim f(z) = yo

T—T0
means that f(x) can be as close as desired to yp

by making x sufficient close to xg. <

Example 8.6. The function
;- { R\ {1} = R

2
z“—1
T = T-1

is not defined for x = 1. However the limit is:

2
-1
lim Z —9
z—1 x—1
z2—1
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Definition 8.11 (One-sided limit). Let D C
R be the domain of a real- or complex-valued
function f: D - K, zp € D and x € D\ {zo}.
We define the

o left-sided limit as the limit of f(z) with x <
xo:

lim f(z)

T—To

e right-sided limit as the limit of f(x) with

xr > xo:
lim f(x)
z—zot
<
Example 8.7. The sign function
R—R
Gion: 4 — 1 forx >0
Y 250 forz=0
z— —1 forxz <0
has the right-sided limit
li i =1
i, sign(z)
and the left-sided limit
lim sign(z) = —1
z—0~
sign(z)
1 4
I 1 27
--1
<

Example 8.8. We analyse the tangent function
at 5 from the left and the right:

lim tan(z) = oo
T35
lim tan(z) = —oo

jus
.Z’—>2

I
I
I
I
I
|
|
|
|
|
s T 3r L
2
I
I
|
|
|
|
|
|
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Definition 8.12 (Continuity). Let D C R be
the domain of a real- or complex-valued func-
tion f: D - K, 29 € Dand x € D\ {xo}. We
say f is continuous in xg if

lim f(r)= lim_f(z) = f(ao)

T—x0 z—xot

If f is continuous for all xg € D we say f is a
continuous function. <

Remark: Visually speaking, if you are able to
draw a function without lifting the pen it is con-
tinuous.

Example 8.9.

e exp(z), sin(z) and cos(x) are continuous
functions in R.

).

e sign(x) (see previous example) is not con-
tinuous at x = 0.

e tan(z) is continuous in (-7,

B

e All polynomials are continuous.
<
Theorem 8.13 (Intermediate value theorem).
Let f : [a,b] — R be a real-valued continuous
function over [a,b], a < b and f(a) < f(b). For

any value yo € [f(a), f(b)] there exists an zg €
[a,b] with f(zg) = yo. In short

Vyo € [f(a), f(b)] 3zo € [a,b] : f(x0) = o

The corresponding holds for f(a) > f(b). <

Remark: Especially for f(a) - f(b) < 0 (ie.
one factor is positive and the other negative)
the intermediate value theorem states that there
must be a at least one zero between a and b.
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Example 8.10. The bisection method is an al-
gorithm to find zeros of an arbitrary function
f R — R. First two values ag and bg are re-
quired where f(ag) - f(bo) < 0, say, f(ap) < 0
and f(bp) > 0. Then the function value at
o = @ is determined. If f(cp) < O then
a1 = cg and by = by, else a1 = ag and by = ¢p.
With a1 and b; we repeat the same process and
approach the zero of f.

E.g. with the function f(z) = 2? — 2 and
a =1 and b = 2 we get the following table:

n  ap by, Cn
0 1 2 1.5
1 1 1.5 1.25
2 1.25 1.5 1.375
3 1375 1.5 1.438
4 1.375 1.438 1.406
5 1.406 1.438 1.422
6 1.406 1.422 1.414
2 4
o by,
e dp
154 ¢ ° ””9””2””97”@7”0”
[ )
1 °

The bisection method is simple and robust, but
rather slow. In computer science it is used to
derive an approximation as an input for a more
efficient algorithm, e.g. Newton’s method. <

8.5. Problems

Problem 8.1: Plot the following functions:
L f{ 0,7] = R

x +— sin(z)

z [0 02 04 06 08 1
f(x) |0 004 016 036 0.64 1

3. {(z,y) € Reo x R |y =V}
4. x = £/t, y = exp(—t) for t € [0,4].

2.

Problem 8.2: Give statements on monotonic-
ity, boundary, symmetry, periodicity, zeros and
extrema for the following functions:
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47 Hj:ﬁl(eﬂ)
5 Hji Zfi)
6./ S;Oi)c;(f)
v f:{ §:§+x3+x

Problem 8.3: Find the inverse of the follow-
ing functions:

R—R
1. f'{ s —1
] Reo = Ry
2. f{ x> z?+2
R—R
3 f{ x +— cos(x)

x +— tan(x)

4. f{ (-3,2) - R

Problem 8.4: Which of the following func-
tions are continuous in their whole domain?

L CEEOE

x — tan(x)

R—R
2. f'{ x|z

3. The sign-function as in example 8.7

R—R
4 f:{ 2> (2 — 1)@ +1)

Problem 8.5: A continuous function in R has
the values f(1) = —1 and f(2) = 1. Give a

statement on zeros of f.
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9. Differential calculus

9.1. Introduction

In engineering we are not only focussed on val-
ues at a given time or position but also in their
dynamic behaviour. E.g. for speed control the
police is not so much interested in the position
of a car at a given time but rather in the speed
of the car, i.e. the change of position per time.

Another example is a capacitor in electri-
cal engineering: We investigate the change of
voltage to determine the electrical current that
caused the voltage change.

Let’s assume a capacitor with capacity C
measured in Farad, F. The capacitor is charged
by a current ¢ which is a function over time ¢
and we write in short i(¢). The charging current
results in a voltage over the capacitor u which
also varies over time ¢ and we write u(t).

By measuring the voltage u we can evaluate
the current ¢. If the voltage increases with con-
stant speed over, say, two seconds by 4V on a
capacitor with 0.01 F, then the charging current
is

1= C& =0.01F- v =0.02A = 20mA

At 2s
If the current varies over time we need to find
out the current ¢ at a given time ¢. To do so we
reduce the time interval towards zero

u(t 4+ At) —u(t) Cdu

)= 1 _ ~du
i(t) im C i

At—0 At

(t)

Let’s assume the function for the voltage is
a sine-wave with frequency f and amplitude o
ie.
u(t) = usin(27 ft)

For the current i(t) we get:

i(t) = C%ﬂ sin (27 ft)
=27 fC cos(2m ft)
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= jcos(2m ft)

with ¢ = 27afC.

By the end of this chapter you will be able
to apply the required mathematics to solve this
kind of equations.

9.2. Differentiability

Definition 9.1 (Differentiability). Let D C R.
We say f: D — R is differentiable at x € D if

the limit et h) — (@)

) x — f(z

e h
exist. We call the limit the derivative of f at
z. If f is differentiable at all x € D we say f is

differentiable. <
f(ZL‘); ,
flw+h) LI /
f(x)ffff:_i»/l//’ l _
///// /.//:L‘ x—i_h x

Remark: With 2’ = z 4+ h we may express the
derivative as

, p—
i 1) = S12)
=z T —
For the derivative of f we write %(aj), % ()

or simply f’(z). Applications in physics often
deal with functions over time ¢ and physicists
write in short %(t) = f(t) = f where the dot
indicates the derivative w.r.t. time.

The 2 in brackets and denominator of %(:}:)
However, later we handle
functions that depend on more than one vari-
able. There we differentiate w.r.t. a particular
variable, e.g. %f(:r,y) or d%f(a:,y).

If the context is clear we may skip the x in

brackets and write %.

seem redundant.
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Example 9.1.
e sq: R — R,z — 22 is differentiable.
e sin: R — R,z — sin(x) is differentiable.

e abs : R — R,z — |z| is not differentiable
at 0.

<

Theorem 9.2 (Differentiability implies conti-
nuity). Every differentiable function is continu-
ous. <

Remark: Since it is an implication it does not
mean that every continuous function is differ-
entiable, see the following example.

Example 9.2. Is the function of the absolute
differentiable at zero?

f:{R_)R

The function is continuous in R. We take the
left- and right-sided limit to test differentiability
at zero:

p FOEM = FO) L B=f0]
h—0— h h—0— h
h O —FO) = fo]
h—0+ h h—0+ h

We get two different values, hence, although be-
ing continuous the function of the absolute is
not differentiable at zero.

] 4

&V

not differentiable here
||y
1
T
-1

o8

9.3. Some derivatives

In this section we want to evaluate some typical
derivatives.

Example 9.3. What is the derivative of

h—0 h

= lim 2z + lim h = 2z
h—0 h—0
—— ——
=2z =0

Hence, the derivative of 22, x € R is 2.

Y,

AY
A}
8‘

<
Example 9.4. What is the derivative of
f R—R 5
x > sin(x)
af _ lim sin(x + h) — sin(z)
dz  h—=0 h
—1 —h
—— —~
— lim sin(x) cos(h) + cos(x) sin(h) — sin(x)
N h—0 h
B sin(z) + hcos(z) — sin(x)
 h—0 h
Jim cos(x) = cos(x)

Hence, the derivative of sin(x), € R is cos(x).
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Example 9.5. What is the derivative of

f:{R—HR 2

x > cos(z)

df lim cos(x + h) — cos(x)

dz  h—0 h
—1 —h
—~ —~

— lim cos(x) cos(h) — sin(z) sin(h) — cos(z)
 h—0 h
— lim cos(z) — hsin(z) — cos(z)

h—0 h

lim sin(z) sin(x)

Hence, the derivative of cos(z), =z € R is
—sin(x).

Example 9.6. What is the derivative of

R—R
. ?
f’{:v»—>ex )
47 _ lim LJrh_ex = lim 7690(6}1_1)
dx_hao h _haO h
o CCLE IR )
h—0 h
—1

ho h?
—lime® (14042 p )=
hli]%e<+2!+3!+ > ‘

Hence, the derivative of €*, z € R is e”.
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/

a‘

v, exp(x)

<

Some more of the basic derivatives are listed

in the upper part of table 9.1.

f(x) f'(x)
c 0 forceR
x¢ cx¢™l forceR
1

e’ e’
c* c*lnc for c € Ry

1
In |z| -

x
sin(x) cos(x)
cos(x) — sin(z)
tan(x) 1/cos?(z) = 1 + tan?(z)
cot(z) —1/sin?(x) = —(1+cot?(x))

arcsin(z) | 1/v/1— 22
arccos(z) | —1/v/1— a2
arctan(z) |1/(1+ 2?)
arccot(z) | —1/(1 + 2?)

c- f(z) c-f'(z) forceR

f@) £ g(x) | f/(x) £ 4 (x)
g

f(x)-g(z) | f'(2) g(x)+ f(z)- g ()
f(x) f'(x)-g(x) — f(x) ¢'(x)
g(z) 9*(z)

fg(z)) f'(9) - g'(z)

Table 9.1.: Some important derivatives.

09.4. Calculation rules for
derivatives
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Theorem 9.3 (Basic operations on deriva-
tives). Let f and g be differentiable functions
and ¢ € R. Then we have

(f(z) £ g(x)) = f'(2) £ ¢ (2)
(c- f@)) =c- f(=)

(f(z) - 9(x)) = f'(2) g(x) + f(z) - ¢ (2)
f(w)>' f'(@)-g(x) - f(z) - g'()
g(x) 9*(z)

for the last g(x) # 0
<
Example 9.7.

o Let f(z) = sin(x) + 2%, then
F(@) = L sin(z) + La? = cos(z) + 22
o Let f(x) = 32 then
f(x) =334% = 3. 327 = 922

e Let f(z) =sin(x) - cos(z), then

f(z) = dsiln(m) cos(z) + sin(x)—dcgi(m)
= cos(z) cos(z) + sin(x)(— sin(z))

= cos?(z) — sin?(z)

e Let f(z) =tan(z) = Si(@) then

cos(x)?

dsin(@) Sg;(z) cos(x) — sin(:c)—d Cgi(x)

J@) = cos?(x)

cos(x) cos(x) — sin(z)(— sin(x))
cos?(x)
_cos’(z) +sin®(z) 1
cos?(x) cos?(x)

<

Theorem 9.4 (Chain rule). Let X,Y,Z C R
and f: Y — Z and g : X — Y be two differ-
entiable functions. With fog = f(g(z)) as the
composition of the two functions we have:

(fog)=(fog)-d
1.e. df af d
g
a(x) = d_g(g) : @(37)
<
60

Remark: Mnemonic: “Inner derivative times
outer derivative”

Example 9.8.

e Let f(x) = sin(wx), then

flg) =sin(g)  g(z) =wz
f'(x)=f'(9) ¢ (x) =cos(g) -w

cos(wx)

e Let f(x) = sin?(z), then

flo)=9>  g(z) =sin(z)
f(l‘)Zf( ) - g'(x) = 2g - cos(x)
= 2sin(x) cos(x) = sin(2x)
e Let f(x) = /In|2z|, then
f9)=vg g(h)=mlh|  hz)=2a
f'(@)=f"(9)-g'(h) - W(z)
L ; b
C2yg b7 2y/Inj2a] 2@
. 1
 22y/In|27]
o Let f(x) 2, then
fl(x) = e_é : _71 2z = —CCC_%
<

Theorem 9.5 (Mean value theorem). Let I C
R be an interval, f : I — R be a differentiable
function and a,b € I with a < b. There exist at
least one x € I, a < x < b such that

©Vladimir Menkov,
commons.wikimedia.org/wiki/File:Beijing-Mean-Value-
Theorem-3733.jpg
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Example 9.9. Let f : R — R be a function
with 2 — f(z) = $23 — 827 4 22. Let further
a= % and b = 5% be two elements of the domain
of f. Then we have:

, f(b) — f(a)
f(m)_ b—CL
43 19
Lo 16 o 2n-m 13
3 9 55 —% 36
2 1613
37 12
8\'_13_ o 6
T3] T 12 9
8\? 39 216 256 79
xr— — = — — — _——=—
3 36 36 ' 36 36

T2 =5+ V79

I.e. at position x1 and x5 the first derivative of
f equals the mean slope between a and b.

v,
3A
f(b)"’ ””””””””””” :::"
21 T
1 /”/4’// ’/’/’:
fla) =-F-#" s
0 ‘ Tl T T Tl T ‘ ™
0o 1, 2 3 4 5, 6%
a T i) b
<

Remark: If a derivative is differentiable it may
be differentiated again. We then say second
. . .. d? 42
derivative and write d—m{(a:), oz f(x) or f"(x).
If a function f is differentiated n-times we

then say n'' derivative and we write ‘{Z—f(:c),

d n
i f(z) or fM(x).
Example 9.10.

o Let f(z) = 2% — 202 + 42 — 2, then

fl(x) =32° —4x + 4
f"(z) =6z —4
) =6

fO (@) =0
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e Let u(t) = usin(wt), then

u(t) = w dcos(wt)
u”(t) = — w? i sin(wt)
u"(t) = — w3 i cos(wt)
u®(t) =  whisin(wt)
e Let f(t) = ¥t then
=k et

fla)=2 =

, _ —1
@) =—27%= o)
" (z) = 2073 = %

9.5. Problems

Problem 9.1: Plot the following function:
f R—=R
laz—lz—nlfoon—L<z<n+inel

e Is this function continuous?

e Is this function differentiable?

Problem 9.2: Evaluate the following deriva-
tives.

(~22?)

3e

(2° + V22°)
(x® — 2% 4+ 1)
(sinz + cosy)
(

sinx 4 cosy)

I
&ln &l Ble El Bl &l

Problem 9.3: Evaluate the following deriva-
tives.

1. %(%x?’ + %CL’Q +x+1)
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© N e e W

(%xg + %x3 + %x‘l)
(2® + 22y + v°)
(2® = 20y + )
22— %)
A28

3

ikt

Ty$yz

d 1,23
&$y2’

Problem 9.4: Evaluate the following deriva-

tives.

AN o N S

Problem 9.5:

tives.

Problem 9.6:

tives.

Problem 9.7:

tives (n € N).
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8 =
+

Ele- &> Ele Ele- Bl Ele

Evaluate the following deriva-

d jr .:

L€ sinw
—dd tanx cosx
X

d2%
ECC S1In T

Ll

d z®—z241
dz 22+1

d $2
d:r

d sin
dr 97

Evaluate the following deriva-

d 22
e

o

. %ﬂ sin(27 ft)
A3 i(2n ft+)

A
> &l &

w0

—

=

N
—~

8
~—

Evaluate the following deriva-

d2
1. de:U

@.cﬂrb.w.w

(i’gx

dn

dac"

dt2 G sin(2m ft)

w

dd—4 sin(2x)

d" ueJ j(2m ft+p)
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10. Polynomials and rational functions

10.1. Polynomial function

Definition 10.1 (Polynomial function). Let
n € NU{0}, ap € C, k =0,1,...,n, a, # 0
and x € C. We then call

n
p= Z apz”
k=0
= apz"” + an_12" " 4 ...+ a2’ + a1z + ag

a polynomial function or just a polynomial. We
say p is of n™® order and call a;, the coefficients
of p. <

Remark: For our purposes we limit ourselves
to real coefficients, i.e. ai € R.

Example 10.1.
e p1(x) = 22—x+41 is a 2" order polynomial.
is a 5% order polynomial.

o py(x) =27 —1

e p3(z) =22 +3/x+1 is not a polynomial
due to the negative exponent of z in the
second summand.

o py(z) = 2221243
since z of the second summand has a non-
integer exponent.

s not a polynomial

o ps(z) =2222 + £ —3 s a second order
polynomial (2'/2 = /2 € R is a coefficient
for x2).

e ps(x) =1 is a zero order polynomial.

Theorem 10.2 (Properties of polynomials).
e Polynomials are continuous.
e Polynomials are differentiable.

e Sums of polynomials are polynomials.

n m max(n,m)
k k _
Z apx” + Z bpx" = Z CLT
k=0 k=0 k=0
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Multiples of a polynomials are polynomials.

n n
c E apa’ = g capz®
k=0 k=0

Products of polynomials are polynomials.

n m n+m
(Z akazk> . (Z bkxk> = Z cpx”
k=0 k=0

k=0

Compositions of polynomials are polynomi-
als.

Z ak (Z blxl> = Z cpx®

k=0 =0 k=0

Derivatives of non-constant polynomials
are polynomials.

n n—1
d k _ k
di arpr = CrX
i
k=0 k=0

<

Definition 10.3 (Horner’s method). For a
polynomial

p(iL') = anxn + an—lxn_l + ...+ a1x+ ag
we define Horner’s method by
p(l‘) = (( ‘e (anx + anfl)x +.. )$ + al)ﬂj + ag

<

Example 10.2. We want to evaluate the poly-
nomial

p(z) = asxt + asz® + asx® + a1z + ag

at © = xg only with addition and multiplication.
In the standard form we need 4 additions and
10 multiplications.

Applying Horner’s method

p(z0) = (((aazo + az)xo + a2)zo + a1)xo + ao
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we need again 4 additions, but only 4 multipli-
cations.

Let’s assume an n'" order polynomial with
ar # 0 for all k = 0,...,n. In the standard
notation we need n additions and % multi-
plications. Applying Horner’s method we need
again n additions, but only n multiplications.
Hence, Horner’s method requires a factor of ”TH

less multiplications. <

10.2. Zeros

Theorem 10.4 (Number of zeros). A polyno-
mial p: R — R of order n has at most n zeros.
<

Example 10.3. Let z € R.
e Zeros of 22 — 1: {—1,1}
e Zeros of 22 + 1: {}
e Zeros of x3 —x: {—1,0,1}
e Zeros of 23 + z: {0}
<

Theorem 10.5 (Zeros of odd order polynomi-
als). An odd order polynomial p : R — R has
at least one zero. <

Theorem 10.6 (Separating zeros). An n' or-
der polynomial p, with a zero xy may be ex-
pressed by

pu(@) = (& = x0) - pn—1 ()

where p,_1(z) is a polynomial of order n — 1
with

Example 10.4. The polynomial

J R—=R
ps: x—ad—3x2 —x+3

has (among other zeros) a zero at xg = 1. We
divide the polynomial by this zero:

(x‘; —33:2 —x +3)/(x —1) =22 —22 -3

_(@® —a?)
0 —222 —x
—(—222 +2z)

0 —3x +3

—( =3z +3)

0

64

Hence we get

p3(x) = (x — x0) - p2(2)
-3 —r+3=(x-1) (2% -2z-3)

with pe(x) having two other zeros at {—1,3}.

<

Definition 10.7 (Multiple zero). If a polyno-
mial p : R — R can be divided by a zero more
than once without remainder we call it a multi-
ple zero. <

Example 10.5. The polynomial

J R=R
p3: r— -2 —r+1

has a double zero at 1. IL.e.

p3(z) =2 —2? -z +1

pQ(x):p (z) — 21

xr—1

Pl(@zﬂ_fﬁL1

x—1

<

Theorem 10.8 (Fundamental theorem of alge-
bra). Every non-constant polynomial over com-
plex numbers has at least one zero. <
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Remark: The fundamental theorem of algebra
includes complex zeros. Hence, polynomials like
p(x) = 22 +1 have zeros in the complex domain.
If we divide a polynomial of order n by its
zero (x —xg) we get a polynomial of order n—1.
If this new polynomial is of order greater 0 it
again will have a zero. Hence, the fundamen-
tal theorem of algebra indirectly states that any
polynomial of order n has exactly n zeros.

Example 10.6. The polynomial
C—C
rd

22t —1
has four zeros:

flz)=21—1=(-1D(E*+1)
=(E-1DE+1(z-]))(+))

ie. z1=1,29=—1, 23 =] and z4 = —j.
Im(2)
10
-2 -1 1 2 Re(z)
-1

Theorem 10.9 (Conjugate complex zeros).
The complex zeros of a polynomial p : C — C
with real coefficients appear in pairs of complex
conjugates. l.e. for every complex zero z; with
Im(z1) # 0 there exist another zero zo = z1. <

Example 10.7. The polynomial
C—=C
r:d

zr 22— 4z 45
has two zeros at z12 =2+ j:

pa(z) = 2% —42+5

pa(2) 22 —4z+5 )
pi(2) z—z  z—(2+)) )
p1(z z—24]
z—z0 z—(2-))
Im(z),
14 o
—2 -1 | 1 2Re(2)
—1 A o
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<

Remark: When separating a polynomial into
its zeros, the complex conjugate zeros may be
kept together resulting in real coefficients. I.e.
with complex conjugate zeros at z12 = a £ jb
we have

(z —21)(z = 22) = (¢ = (a + jb)) (2 — (a — jb))
=22 - 2az+a® +1?
=22+ A2+ B

with

B = a® +b*
A / A2

Theorem 10.10 (Rational root theorem). Let
pn(2) = an2™ + ap_12" "+ a1z + ag

be an n'® order polynomial with integer coeffi-
cients ax € Z, k = 0,1,...,n and with a, # 0
and ag # 0.

For each rational root x € QQ expressed as p/q,
p € Z, ¢ € N with p and ¢ having no common
divisor we have:

e p is a divisor of ag
e ¢ is a divisor of a,

<

Remark: When searching for zeros of an
higher order polynomial this theorem limits the
number of candidates, see next example.

Example 10.8. We want to find the first zero
of the polynomial

ps(z) =22 +32% + 8z -5

With p being an integer divisor of ag = —5, i.e.
p € {—5,—1,1,5}, and ¢ being a natural divisor
of ag =2, i.e. g € {1,2}, we get

5 11 5
Zo = % € {_57_57_17_§7§a17 575}

Trying these candidates results in p3(3) = 0,
i.e. 1 is a rational root of ps(z).

If none of the candidates results in p3(z) =0
the polynomial has no rational zeros. However,
due to the fundamental theorem of algebra the
polynomial then has irrational and/or complex

ZEeros. <
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Remark: The term root is used here as a syn-
onym to zero of polynomial.

For polynomials with a, = 1 the rational
roots can be integers only which further reduces
the number of candidates.

10.3. Rational function

Definition 10.11 (Rational function). Let p
and ¢ be polynomials and g # 0. We call

R—R
U PN ]
q()

a rational function. <

Example 10.9. Let

R\ {-1,2} = R
24 —2
2 —xz—2
be a rational function. Since the denominator

has two zeros at —1 and 2 we exclude these val-
ues from the domain.

f(z),
| [ |
| r4
\F2
— I~
—4 —2\ | 2 4 T
T2\
b
L |

10.4. Properties of rational
functions

Theorem 10.12 (Zeros of rational functions).
A rational function has a zero where the numer-
ator has a zero and the denominator is not zero.
<

Definition 10.13 (Pole). Let f : R — R be a
rational function. We call a point xy with the

property
lim |f(x)| = oo
T—T0

a pole. <

66

Remark: When taking the left- and right-side
limit there are poles with equal and different
signs for infinity.

Example 10.10. The rational function
R\{-1,1} = R
1

T —

-2 —x+1

has a pole at —1 with changing signs and a sec-
ond pole at 1 with equal signs.

f(z)y

[\
<Y

Theorem 10.14 (Pole of a rational function).
A rational function has a pole at xy where the
denominator has a zero and the numerator is
not zero. <

Remark: What is the situation if both, nu-
merator and denominator are zero? We need
I’Hopital’s rule:

Theorem 10.15 (I'Hopital’s rule). Let f,g :
R — R be two functions, 9 € R and let the

/

limit lim f(z) exist (including +00). If either
a0 g ()
23, (@) = Jig o(w) =0
or
Jim [f(z)] = lim |g(z)| = oo

then ,

lim 7]"(1‘) = lim f(z)

=30 ¢ x) T—T0 g’(x)
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Example 10.11. The rational function

R\ {-1,1} - R
22— —2

x>
2 -1

has in its numerator zeros at —1 and 2 and in
its denominator at —1 and 1. Hence, f has a
zero at 2 and a pole at 1. For the common
zero of numerator and denominator we apply
I’Hépital’s rule:

20 -1 2(-1)-1 3

ILe. for xyp = —1 the rational function f ap-
proaches %, however, since —1 does not belong
to the domain f will never have this value.

f@)y

Remark: A rational function is discontinuous
at points where the denominator is zero. How-
ever, if the left- and right-side limits exist and
are equal we call it a removable discontinuity.

Example 10.12. We want to prove the follow-
ing theorem:

lim {/n=1

n—oo
Here is the proof applying I’'Hopital’s rule in the

third row:

lim ¢/n = lim n'/™ = lim exp <ln(n1/”))
n—oo

n—oo n—oo

— lim exp (iln(n))

n—oo
1 1
= exp < lim n(n)) = exp ( lim ”)
n—oo N n—oo 1
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n—oo N

= exp < lim 1) =exp(0) =1

10.5. Partial fraction
decomposition

Rational functions with large order polynomials
in numerator and denominator are difficult to
handle as they are. We are looking for a tech-
nique to split them into a sum of more basic
fractions.

The technique of partial fraction decomposi-
tion changes a high-order rational function into
a sum of low-order rational functions.

We need this technique later e.g. to perform
integration or Laplace-transform of high-order
rational functions.

10.5.1. Order of numerator and
denominator

In a first step we need to assure that the order of
the numerator polynomial is less than the order
of the denominator polynomial.

In German we call this “echt gebrochenra-
tionale Funktion” where the term echt (Engl.
true) indicates the higher order in the denomi-
nator. In English we do not have a special term
for this.

If the order of the denominator polynomial
is less or equal than the one of the numerator
polynomial, we perform a polynomial division
where the remainder is a fraction with the re-
quired order of the polynomials.

Example 10.13. For the rational function

R—R
23 +322—2-3
x2—4

the order of the numerator polynomial is not
less than the order of the denominator polyno-
mial. Hence we perform a polynomial division:

(234322 —z —3)/(z? —4) =z + 3+ 3

— (23 —4x)
+32%+3z -3
—(+322 —12)
+3x +9
Hence we have:
3 2
>+ 3x* —x—3 3xr+9
flx) = o —x+3+x2_4
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To further split the remaining rational func-
tion into summands we apply the following tech-
niques:

10.5.2. Partial fractions for real zeros of
denominator

Let us assume a rational function f with the
order n of the polynomial of its denominator
being greater than the one of its numerator.

If the polynomial of the denominator has real
zeros only we create the partial fractions as fol-
lows:

e for a single (not multiple) zero xg:

A
T — X0

e for a double zero zg:
A A
Lo 2

(x — x0)

T — xp 2

e for an n-multiple zero xg:

A Az 4 + L
(x —x0)2 (x—m)"

Tr — X0

We set the sum of these fractions equal to f and
multiply by the denominator of f. The equation
must be true for any x. If we set x to the zeros
of the denominator of f we get simple equations
that reveal the unknown constants.

Example 10.14. We take the remainder of the
previous example:

R—R
I x»—>3$+9
2 —4

We have two real zeros for the denominator
x1 =2 and x92 = —2 and get:
_3r+9 A B

f(@) 2 -4 :c—2+x+2

We multiply with the denominator of f(x):

A(z? —4) n B(x? — 4)

3 9=
T T — 2 T+ 2

Since the denominator zeros of the partial frac-
tions are also denominator zeros of f, it is al-
ways possible to cancel them down:

31 4+9=A(x+2)+ Bz —2)
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We now set x to 2 and —2 to find the constants
A and B:

r=2: 3-249=A2+2)+B(2-2)

15 =4A
g 15
4
r=-2: 3(2)+9=A(2+2)+B(2-2)
— 4B

Example 10.15. The rational function

R—R
f: 22 +2rx+1
T
23 — 3z + 2

has in its denominator a single zero at —2 and
a double zero at 1. Hence we separate f into
three partial fractions and multiply by its de-
nominator:

?+2r+1 A LB B
3 -3r+2 z+2 x-1 (vr-—1)2
242 +1=(x—1)>2A4 (z-1)(z+2)B

+ (z+2)Bs

Setting  to —2 and 1 gives:
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4
r=1: 4 =38, = By = 3
To find By we set x to any value other than the
zeros, e.g. x=0:
1 8

r=0: 1=—--2B1+ 2

8
=~ B =-
9 3 1=y

Hence, we get:

a:2+2a:+1_ % n
W —-3x+2 z+2 =z

| |wloo
+
| Jeons

fz) =

\

|
[\
L

10.5.3. Partial fractions for complex
zeros of denominator

Let f be a rational function with the order of
its denominator-polynomial being greater than
the order of its numerator-polynomial.

This time we assume that the denominator
polynomial also includes complex zeros. For
real coefficients every complex zero z; results in
a second complex conjugate zero z;. We com-
bine the pairs of complex conjugate zeros:

(x—2)(z—71) =2° — (21 + 21z + 2171
=22 +ar+b
with
b=z17z1

a=—(z1+ %) and

We use this term as denominator for partial
fractions:

February 26, 2022

e for a single (not multiple) pair of zeros:
Ax + B
22 +az+b
e for a double pair of zeros:
Az + By Asz + By
> +ar+b (224 axr+b)?

e for an n-multiple pair of zeros:
Az + By Anx + B,
22+ar+b 7 (224 ax+b)"
Example 10.16. The denominator of the ra-
tional function
R—-R
f: = x2—4
T
3 — 12 +2
has a real zero at —1 and a pair of complex
conjugate zeros at 1 + j. Hence we separate f
into two partial fractions:
-4 A L _Bz+C
23 —224+2 x+1 222242
2?2 — 4= (2> —224+2)A+ (x4+1)(Bz+C)

We set x to —1, 0 and 1:

3
6 14
=0: —-4=——+C = (C=——
o 5 5
3 28 8
* 5 5 5
Hence, we get:
2_4 _3 §x_ﬂ
f(x): 356 ) = : + 25 .
-z +2 x+1 x4—-2x+4+2
:f(x)‘
3
L2
L1
T l T /-—_T gl
3 2 1_1A‘/z 3
fo
Im(x)
1 - X
-2 1 2 Re(z)
—1 A X
<
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10.6. Taylor polynomial

Polynomials are readily to handle e.g. for dif-
ferentiation or, as we see later, for integration.
Hence, if it is possible to approximate func-
tions by polynomials, further calculations be-
come easy.

If we want to approximate a function f at
point z( by a zero order polynomial (i.e. a con-
stant) we simply take the function value f(zg)
as the coeflicient ag of the polynomial py:

Po = ao = f(xo)

To improve the approximation we may in-
crease the order to a first order polynomial and
adjust its slope to the slope of f(z) at zo. Le.
the first derivative of function and polynomial
shall be equal and we get the equations:

p1(wo) = f(20)
pi(zo) = f'(z0)

In order to further improve the approxima-
tion we may include higher order derivatives:

Pn(z0) = f(20)
Pn(zo) = f'(0)
Pn(xo) = f" (o)

P (z0) = ™) (o)

The resulting polynomial is the Taylor poly-
nomial:

Definition 10.16 (Taylor polynomial). Let f :
R — R be an n times differentiable function.
We define the Taylor polynomial as

k) (g
To(z) = fk(!”)(x — x0)*
k=0

with zg € R as the expansion point. <

Example 10.17. We want to approximate the

function
f . { Rs_1 —R

1
xr—>w+1

by Taylor polynomials at expansion point g =
0. The derivatives of f are:
-1

flw) = (+1)2
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2

f//(‘r) = (33+ 1)3
" _ —6
fo) = (z+1)%
—1)"n!
f(n)(x) = (:L('-l- i)n—l—l

With zg = 0 we get

k=0
Le.
To(z) =1
Ti(z)=1—=x
Ty(z) =1—x +2°
T3(z)=1—2+2° -2
Ty(z)=1—2+ 2% — 23 + 2!
fz),
Ty - 5 A
Ty 4
T2\\":. 31
Tl\\\\:';\ 2 -
B 0 i

An application of the Taylor polynomial is
the propagation of uncertainty:

10.7. Propagation of uncertainty

In engineering we perform measurements with
an uncertainty due to e.g. tolerances of the
equipment. For an measured value x we may
express the uncertainty either absolutely or rel-
atively:

absolute uncertainty: Ax
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. . x
relative uncertainty: ﬁ
x

Example 10.18.

For a resistor with colour code brown-black-
orange-gold we have:

R =10k (brown-black-orange)
SR =5%  (gold)
AR=R-58 =05kQ

<

Often an investigated value is a function f :
R"™ — R of some input values xp, k =1,2,...,n
each having an uncertainty Az,. Applying a
first order Taylor polynomial w.r.t. one input
value xj the constant pg of the polynomial T3
gives the expected value and the first order co-
efficient p; the factor for propagation of uncer-
tainty Axy:

Ty ~ po £ p1 - Az,

L.e. multiplying p; of the Taylor polynomial by
the uncertainty of the input value Axy gives the
propagated uncertainty of the input value xj, to
the output value f. We do this for all arguments
and sum up the effect to the output value:

Theorem 10.17 (Propagation of uncertainty).

Let f(z1,z2,...,zy,) be afunction R™ — R with
n arguments x1, To, ..., T, having uncertainties
Axq, Axs, ..., Ax,, respectively. For small un-

certainties of the arguments the uncertainty of
the function Af approaches:

of

Example 10.19. We connect a battery to a
series of two resistors and evaluate the absorbed
power. The applied voltage is 9.6 V measured
with a volt meter having 1% tolerance. The
two resistors have a resistance of 100 and 220 2
each with an uncertainty of 5 %.
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What is the expected absorbed power P and
how do the uncertainties propagate to the ab-
sorbed power AP? From electrical engineering
we know the expected absorbed power to be

U2 (96V)
T Rif+ Ry 10092+2200

= 288 mW

For AP we apply the theorem of propagation
of uncertainties:

3

Ax
P 8xk k
BP oP 0P
—IA A — A
ou |~V T ’8R1 B+ | 5g, | A
2U ~U?
=|=——| AU+ |-——==|AR
’Rl + Ry ‘ (Ri + Ro)2| —
_U?
+|——=-|AR
’ (R1 + Rp)? ?
=5.76mW + 4.5 mW + 9.9mW
= 20.16 mW
The relative uncertainty of P is:
AP 20.1
o 2AOW_ o7 7

P 7 288mW

This calculation may be simplified by the fol-
lowing corollaries: <

Corollary 10.18 (Uncertainty of sums and dif-
ferences). Let the numbers z;, z9 € R have the
absolute uncertainties Ax1, Azo, respectively.
Then the sum z1 +z9 and the difference x1 — 29
have the absolute uncertainty Axq + Axs.

I.e. for a sum or difference the absolute un-
certainties sum up. <

Corollary 10.19 (Uncertainty of products and

quotients). Let the numbers x1,29 € R have
the relative uncertainties |A”“" T ) |A$T , respectively.
Then the product 1 -z2 and the quotient x1 /2

(in this case x2 # 0) have the uncertainty % +

Azy
E>
Le. for a product or quotient the relative un-

certainties sum up. <
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Corollary 10.20 (Uncertainty of powers). Let
the number x € R have the relative uncertainty
Az and let y € R. Then the power z¥ has an

|z
uncertainty % -yl

Le. for powers the relative uncertainty of the
base multiplies by the absolute of the exponent.
<

Example 10.20. We come back to the previous
example. What is the relative uncertainty of the
absorbed power by applying the three corollar-
ies? We investigate the relative uncertainties of
numerator, denominator and fraction.
Numerator (third corollary):
A(U?) AU

Uz U % %

Denominator (first corollary):

A(Rl —l—RQ) B ARy + ARy

R+ Ro N R+ Ro
B R1AR}?1 +R2AR7122
B R+ Ry
_ R -5%+Ry-5%
N Ri+ Ry

=5%

Fraction (second corollary):

AP AU?)
P U2

A(Rl +R2)
Ri 4+ Ry

=2%+5% =7%

I.e. for the numerator the uncertainty of the
voltage doubles due to the power of two. For the
denominator the relative uncertainties of the re-
sistors do not change. Finally, for the fraction
the relative uncertainties of numerator and de-
nominator sum up. <

10.8. Problems

Problem 10.1: Which of the following func-
tions f : R — R are polynomials? If so, what is
the order?

2. f(z)=a%-3

3. f(z)=0

4. f(x)=V3at -z +1
()
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6. f(z) = 200

Problem 10.2: Let p; and py be polynomials
of 3'4 and 4 order, respectively. Which of the
following terms are polynomials? If so, what is
the order?

1. p1+p2 4. 3p1 + 2ph
2. p1-p2 5. p1(p2)
3. ph+2p2 6. pa(p?)

Problem 10.3: Perform polynomial division:
1. (23 — 622+ 112 — 6)/(z — 3)
2. (2% — 622+ 11z — 6)/(x — 2)
3. (23— 622+ 11z —6)/(x — 1)
4. (z* =522 +4)/(2? — 2 - 2)

Problem 10.4: Write the following polyno-
mials as the product of their zeros.

L. pi(z) =22 -1

2. po(w) =223 — 222 — 4x

3. p3(x) =22 — (a+ b)x +ab
4. pa(z) = 2% — 222 + 22

5. ps(r) = 2% + 22 + 2

6. pe(v) =23 — 32+ 72 -5

Problem 10.5: For a polynomial with real
coefficients a complex zero z; is known. What
can you say about other zeros and what is the
minimum order of the polynomial?

Problem 10.6: Plot the following function:

R—R
r—>x2_1
T

2 —4

Problem 10.7: Analyse the following func-
tions with respect to zeros and poles.

1. function of previous problem.

R—R
2. f: 1
f rr—r —w—
224 x—2
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3. f: o z2—1
m —
22 —Adx+4
R—R
4. f: ’_>x2—x—2
T v “
2 —4

Problem 10.8: Create a rational function
f R — R with zeros at +1, poles at +3.

Problem 10.9: Separate from the following
functions f : R — R a polynomial in order that
the remaining rational function has a higher or-
der in its denominator.

L f(z) = mfjl
3 J(@) = x3—m2mj-:r—1
4. f(z) = M

2 —z+1

Problem 10.10: Perform partial fraction de-
composition for the functions f : R — R.

L) =

2. f(z) = m

3 fla) = @ﬁ;izx
4. f(z) w3+

T2t 23 L a2 2r 2

Problem 10.11: Evaluate the 2°d order Tay-
lor polynomial at expansion point g = 0 of the
exponential function.

Problem 10.12: Evaluate the 15 order Taylor
polynomial at expansion point xg = 1 of the
natural logarithm function.
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73



11. System of linear equations

11.1. Introduction

Example 11.1. “If John gave 1€ to Judy they
both would have the same amount of money. If
Judy gave 1€ to John he would have twice as
much money as her. How much money does
each of them have?”

How do we find out? We first define z and y
as John’s and Judy’s amount of money, respec-
tively. Then we express the first two sentences
as two equations:

r—1=y+1
r+1=2-(y—1)
We multiply the brackets, bring all constant

summands to the right and all summands in-
cluding x or y to the left:

r—y=2
T—2y=-3

These two equations can be visualized as
straight lines in a Cartesian diagram:

T—y=2
r—2y=-3

We subtract the first from the second equa-
tion and leave the first as it is:

r—y=2
—y=-5

Then we subtract the second from the first
equation and multiply the second by —1:

=17
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To check the result we insert the x and y into
the equations we derived above.

7T—-1=5+1 = ok
T+1=2-(5-1) = ok
Hence, John has 7€ and Judy 5€. <

This example deals with a small system of
linear equations. With two equations and two
unknowns we found a single solution. Is this
always possible? Is there always a single solu-
tion?

A system of linear equations may deal with
more than two unknowns. It may be used to
numerically solve integrals or differential equa-
tions. In three dimensional field problems the
number of unknowns may increase to several
million or more!

In this chapter we get a first idea on systems
of linear equations, derive a general approach to
solve them and discuss whether they are solv-
able at all.

11.2. Definition

Definition 11.1 (System of linear equations).
We define a system of linear equations (SLE)
as

ajnry + apre + ... + apr, = b
ao1x1 + a99xs + ... + agpTn = bo
m1T1 + GmaT2 + ... + GmpTn = bpy
with the coefficients a1, a1, ..., am, € K, the
constant terms by, bs, ..., b, € K, m € N as the
number of equations and n € N as the number
of unknowns z1,...,x, € K.
If b1,...,b,, are all zero we call it a homoge-

neous SLE and an inhomogeneous SLE other-
wise. <

Example 11.2. In the introductory example
we derived an SLE with two equations contain-
ing the two unknowns x and y:

rT—y=2
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r—2y=-3
Hence we get
an =1, aiz = —1, b1 =2,
as1 =1, aog = —2, by = -3

Remark: An SLE may be expressed by

air -+ Qin T b1
am1 **° Omn Tn bm
A T = b

where A denotes the coefficient matriz, x a so-
lution vector and b the constant vector or inho-
mogeneous vector.

Example 11.3. We rewrite the SLE of the in-
troductory example

$1—x2:2

1 — 219 = —3
and get
(=) (5) = (5)
1 -2 9 -3
A r = b

Remark: As an expression for an SLE we may
write in short

ailr -+ aip | b
=(A]b)

Am1 *** Gmn | b
which is the extended coefficient matrizx.

Example 11.4. For the introductory example

we get:
1 -1 2
<1 —2—3>_(A|b)
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11.3. Gauss-Jordan elimination

11.3.1. Elementary row operations

To solve an SLE we apply three elementary row
operations:

Theorem 11.2 (Row switching). If an equa-
tion of an SLE is switched with another one,
the values of the unknowns do not change. <

Theorem 11.3 (Row multiplication). An
equation of an SLE may be multiplied by a con-
stant ¢ € K, ¢ # 0, without changing the values
of the unknowns. <

Theorem 11.4 (Row addition). If an equation
of an SLE is added to another equation of the
same SLE, then the values of the unknowns do
not change. <

11.3.2. An example

Let’s assume the following SLE:

207 — 29 + x3 = —3
—x1 + 32 + x3 = 3
1 + 3x0 — 223 = 7

we write it as extended coefficient matrix:

2 -2 1|-3
-1 3 1| 3
1 3 =2 7

The aim is to convert the left part of the ex-
tended coefficient matrix into an identity ma-
trix. We start with the first column and change
the the top left element to one by multiplying
row 1 by %:

= D=
QO NI

Then we add row 1 to row 2 and subtract row
1 from row 3:

1 -1
0 2
0 4

BN SISV NIV

1

|

®

Now the first column is as expected and we pro-
ceed with the second column. We multiply row
2 by %:

|
BNV G [

—

O O =
=~ = =
\

(NSNS

vl
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Then we add row 2 to row 1 and subtract the
quadruple of row 2 from row 3:

—
S jconics

10
0 1
00

—_
0| S jion

Now the first and second column is as expected
and we focus on the third column. We multiply
row 3 by —%:

S O =
O R O
— ok Ot
|
— oo o

Then we subtract % of row 3 from row 1 and
subtract % of row 3 from row 2:

— NI =

1 00
010
0 0 1]|-—

Since the left part is the identity matrix the
right column gives us the values of the unknown:

l-z9 + 0-290 + 0-23 =
029 + 129 +0-23 =
O-z1 + 022 +1-23 = —

— D] LN =

I.e. the solution of the SLE:

1 3
r1 = = Tro — <

X = —1
2 2 3

We check the result by inserting x1, ro and
x3 into the original equations:

-1 +33-1= 3 = ok
P+33+2= 7 = ok

In this example we were lucky to end with an
identity matrix, i.e.

- 1 fori=j
Y771 0 otherwise

This is not always the case. To find a general
approach we need the so called reduced row ech-
elon form of a matrix:

11.3.3. Reduced row echelon form, rref

Definition 11.5 (Reduced row echelon form).
Let M (m x n,K) be a matrix with m rows and
n columns of elements in K. We say M has
reduced row echelon form (rref) if
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1. All rows containing zeros only (i.e. zero-
rows) are at the end of M (i.e. the bottom
of M).

2. The leading entry of non-zero rows (i.e. the
first from the left unequal zero) is one.

3. From row 2 on the leading entry of non-zero
rows is further to the right than all previous
leading entries (i.e. the rows above).

4. All entities above and below a leading one
are zero.

<

Theorem 11.6 (Reduced row echelon form).
Any matrix M (m x n,K) can be converted into
reduced row echelon form by elementary row
operations. 5

To change a matrix into its reduced row eche-
lon form we proceed as in the previous example:

1. Start with row k = 1.

2. If there exists a row below row k with a
leading entry further to the left than in row
k switch the two rows.

3. Divide row k by its leading entry. (Now the
leading entry of row k is one.)

4. Add multiples of row k to the other rows
to change all elements above and below the
leading entry of row k to zero.

5. Repeat steps two to four for k=2...m

Remark: To indicate the change of a matrix
A into its reduced row echelon form we write in
short:

rref(A)

Example 11.5. We want to change the SLE

209 + 3z3 + 44 = 1
1 + 4x9 + 33 + x4 = 6
1 + 49 + dx3 + x4 = 4
xr1 + 3x9 + 223 + 224 = 5

into reduced row echelon form. Writing it as
extended coefficient matrix and indicating the
row operations on the right we get:

2 3 4 = Ry
- R

=)
T O =

4 3 5
4 5 1
3 2 2
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1 4356
023 4|1
1 45 14| —-Ry
132 2|5/) R
1 4 3 5| 6
0 2 3 4] 1|4
0 0 2 —4]-2
0 -1 -1 =3|-1
1 4 3 5| 6\ —4Ry
3 1
0 1 3 2| 3
0 0 2 —4]-2
0 -1 -1 —=3|-1/ +Ry
10 -3 —-3| 4
3 1
o1 3 2| %
00 2 —4|-2]:43
1 1
00 3 —-1]|-%
1 0 -3 =3| 4\ +3R3
3 1 3
01 3 2| 5| —-3Rs
00 1 -2|-1
1 1 1
00 5 —-1|-%/) —3Rs
100 -9 1
010 5] 2
001 —2|-1
000 0] 0

The last row became a zero-row. Column 4
cannot be further modified without destroying
what we achieved for the first three columns.
Recalling the definition we realize that the ma-
trix is in reduced row echelon form. <

Rectangular coefficient matrices may also be
converted into rref:

Example 11.6. We want to change the SLE

T+ x9 + 223 = 2

To +2x3=1
r1+x3=1
219 + 313 = 2

into reduced row echelon form and write it as
extended coefficient matrix. To indicate what
we do we write the row operations to the right
of the matrix.

1 1 2|2
01 2|1
1 0 1|1 -y
0 2 3|2
1 1 21 2 —Ry
0 1 2 1
0 -1 —-1|-1 +Ry
0 2 3| 2 —2Rs
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10 01
01 211 —2R3
0 0 110
0 0 —-110 +R3
1 0 0|1
01 0]1
0 0 110
0 0 00
This is the reduced row echelon form. <

Definition 11.7 (Basic/non-basic column).
Let A be a coefficient matrix in reduced row
echelon form. We call a column containing a
leading entry basic column and a column with-
out leading entry non-basic column. <

Example 11.7. We take the result of the sec-
ond last example and call the columns of the
coefficients cj...ca:

100 —9| 1
010 5] 2
(A1) = 0 01 —2|-1
000 0] O

We neglect the constants (right column) and
realize that ¢, ¢y and c3 are basic columns
whereas column ¢4 is a non-basic column. <

11.4. Solutions of an SLE

11.4.1. Three solution behaviours

When trying to find the solution of an SLE we
may find

1. no solution,
2. a single solution or
3. an infinite number of solutions.

For two unknowns this may be visualised in
a diagram where each equation is represented
by a straight line. The solutions are where the
lines coincide.

If the lines are parallel but not identical, there
is no solution. If the lines intersect, there is a
single solution. If the lines coincide, i.e. they
have the same slope and position, there exist an
infinite number of solutions along the line.

Example 11.8. We look at three examples
with two equations and unknowns and visual-
ize the equations as graphs.
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e The system of linear equations

z—2y=20 2z +4y=3
has no solution.

Y,

3 4

—2z+4y =3

e The system of linear equations

z—y=1 r+2y=4
has the single solution
T =2 y=1
Yy
3 -

o 1 2 3 47
e The system of linear equations
—r+2y=1 20 — 4y = —2

has an infinite number of solutions which
may be expressed as:

r+1

’y:

2

Remark: For an infinite number of solutions
one (or more) of the unknowns are used as a
parameter to express the other unknowns, see
further down.
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11.4.2. Solution of a homogeneous SLE

The constant terms of a homogeneous SLE re-
main zero when performing elementary row op-
erations. Hence, the Gauss-Jordan elimination
may be performed on the coeflicient matrix
only.

A homogeneous SLE has always a trivial solu-
tion: All unknowns are zero. Hence, a homoge-
neous SLE shows only two solution behaviours:
a single solution or an infinite number of solu-
tions. Also, if a homogeneous SLE has a single
solution, then all unknowns are zero.

If the reduced row echelon form is the identity
matrix:

10 0

01 0
rref(A) = ,

0 0 1

or an identity matrix with some zero-rows un-
derneath:

1 0 - 0
01 0
rref(A)=| 0 0 1
0 0 0
00 --- 0

then there exist only the single solution where
all unknowns are zero. Here all columns of the
matrix are basic columns.

If the reduced row echelon form has less non-
zero rows than columns (i.e. unknowns) the
SLE has an infinite number of solutions. Here
the coefficient matrix contains at least one non-
basic column.

11.4.3. Solution of an inhomogeneous
SLE

We now investigate the influence of the solution
behaviour of an inhomogeneous SLE on the re-
duced row echelon form of the extended coeffi-
cient matrix rref(A | b).

If the reduced row echelon form of the ex-
tended coefficient matrix has one or more rows
where only the constant is non-zero

0-214+0-294+...40-2, #0
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we have a contradiction. Hence, the SLE has
no solution.

If there is no contradiction and the coeffi-
cients of the rref looks like the identity matrix:

10 -+ 0]b
01 - 0| b
rref(A | b) = )
0 0 --- 1]|by,

or the identity matrix with some zero-rows un-
derneath:

10 010
01 01 b2
rref(A) =1 0 0 1]|b,
00 0|0
00 -~ 00

then, there exists a single solution. In this sit-
uation all columns of the coefficient matrix are
basic columns.

If the reduced row echelon form does not con-
tradict itself, and there are less non-zero rows
than unknowns, then there are an infinite num-
ber of solutions. Here the coefficient matrix
contains at least one non-basic column.

Example 11.9. From the previous example we
get the reduced row echelon form of the ex-
tended coefficient matrices:

1 =210
[ ]
( 0 0|3 >
The last row leads to a contradiction and,
hence, the SLE has no solution.

1 0|2
[
(o 317)

We see the identity matrix for the coeffi-
cients, i.e. for the coefficients there are ba-
sic columns only. Hence, the SLE has a
single solution.

. 1 —-2]|1

0 00
There is no contradiction and row 1 has
two non-zero coefficients, i.e. for the co-
efficients there exist et least one non-basic

column. Hence, the SLE has an infinite
number of solutions.
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Example 11.10. We want to solve the follow-
ing SLE:

r1 + 229 4+ 3x3 = 1
I + xT9 + r3 =
2¢1 + 3xzo 4+ 4dx3 = 3

We convert the extended coefficient matrix into
its reduced row echelon form:

12 3|1

11 1(2 ]| -R

2 3 413 /) —2R,

1 2 3|1\ +2R
0 -1 —2|1 | =(=1)
0 -1 -2|1/) —R,
10 -1] 3

01 2|-1

00 0] 0

This is the reduced row echelon form. It has
no contradiction (row with zero coefficients only
and non-zero constant). The coefficients show
two basic columns (one and two) and one non-
basic column (three). Hence, the SLE has an
infinite number of solutions. <

Remark: For a solvable SLE every non-basic
column adds a degree of freedom to the solu-
tion. I.e. we may treat the unknowns of the
non-basic columns as parameters and express
all unknowns by these parameters.

Example 11.11. We take the extended coeffi-
cient matrix of the previous example in reduced
row echelon form:

10 -1 3
01 2|-1
00 O

Columns 1 and 2 are basic and column 3 is non-
basic. Therefore we treat the unknown variable
T3 as a parameter, e.g. a, and express all un-
knowns by this parameter. For the first two
rows we get:

T —a =3, To + 2a = —1

and we express the solution by:
1 =a+ 3,

To = —2a —1, T3 =a

L.e. this SLE has one degree of freedom. <
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Example 11.12. We found for an SLE with the
unknowns 7 ...x5 the following reduced row
echelon form:

1 -2 00 1| 2
0 010 —-1|-3
0O 001 —-2] 1
0 00O0 0] O
0 000 0] O

Columns 1, 3 and 4 are basic, columns 2 and 5
are non-basic. Treating o and x5 as parameters
a and b, respectively, we get:

r1=20a—b+2 x9=a x3=b-—3
T4 =2b+1 r5=0>

Le. the degree of freedom is 2. <

11.5. Problems

Problem 11.1: Solve the following SLE by
Gauss-Jordan elimination using the extended
coefficient matrix.

2r + y+ =z =
1. 24+ 2y + 2z =
4+ y+ 2z2=9

[N |

a—b+c 1
2.a+b—-—c= 1
a+b+c= -1
51 + 4zo + 3x3 = 4
3. 31 + 229 + x3 = 4
5(31—5(52—25(33_6

4'4a—2c+ d = -1
b+ 2c— d= 2
4dr1 + 3x0 + 223 + x4 = —2
1 + 229 + 3x3 + 434 = 2
5.
1 + 20 + X3 + 214 = 2
1 + X9 + 223 + 3x4 = 1
2u+ v+ w4+ =6
6 u— v+ w—3x =25
"T2u 4+ v — w-— 2z =3
u+ 2v — 2w — x =0

Problem 11.2: Solve the following SLE by
changing them into reduced row echelon form.
Explain the results.
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S

Mo
31’1

+
+ c
+

+
_l’_

= 1
=1
=1
=0
29 + 3x3 =
200 + x3

Ty + X2 + x3

a + 2b + 3c

+4d = —

3a + 2b+ ¢+ d=

7
5
3a + 2b+ ¢+ 2d = 3
0

a+ b+ c+ d=

201 + xo — x3 — 234 = —1
3r1 + o — x3 — 31y = —2
Ty — T2 — T3 + T4 =

T1 + x9 — 13 — x4 = 1
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12. Matrices

12.1. Introduction

In the previous chapter we already expressed
a system of linear equations SLE by a matrix
and two column-vectors: A -x = b. However,
we used it only as a technique to write our SLE
without extra addition and equality signs + and

In this chapter we will see the meaning behind
this notation an learn basic operations on ma-
trices. We will see that the inverse matrix A~!
is a useful tool to evaluate the unknowns for
many different constants b. And finally, we will
look again on the solution behaviour of SLEs by
analysing its (extended) coefficient matrix.

12.2. Definition and special
matrices
Definition 12.1 (m xn-matrix). A rectangular

arrangement of numbers a;; € K, i =1,...,m,
j=1....n, mnéeN

air a2 - aip

aai a2 T a2n
A=

aml Aam2 - Omn

is called an m x n-matriz. We call a;; the
elements of A, m the number of rows and n
the number of columns. The set of all possible
m x n-matrices is denoted by M (m x n,K). In
short we write

A = (aij)mn or just A = (a;5)
We call 7; := (a1, aso, . .., ai) the i row-
vector of A and write
1
&)
A=
'm
We call
alj
agj
o _ T
¢j = , = (a1, a2j, .- -, amj)
am]’
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the j* column-vector of A and write:

A= ((017627 e 7071))

The double brackets indicate a matrix in con-
trast to a vector. <

Definition 12.2 (Special matrices). Some spe-
cial matrices:

e All elements of the zero-matriz 0,,, €
M(m x n,K) are zero, e.g.

0000
O22 = <8 8) 034=10 0 0 O
0000

e For a square-matriz the number of rows
and columns are equal, i.e. M(n x n,K).
E.g.

ail a2 ais
A= (aij)33=| axan azxn a3
az1 azx ass

In short we may write: A = (a;j)3

e A diagonal matriz is a (usually square) ma-
trix A = (aij)m,n with

_fox fori=y
YTV 0 fori#j

where * denotes any value (including zero).
E.g.:

1 00 4 0
020,05,<(1)38>
0 0 3 00

e The identity matriz I, € M(n x n,K) or
Imn € M(m x n,K) is a diagonal matrix
with the diagonal elements being one:

1 fori=4
aij—{ J

0 fori#j
E.g.
1 00 10
Is=( 0 1 0 |, Iso=1 01
0 01 0 0
81



We call the column-vectors of the identity
matrix unit-vectors. l.e. the identity ma-
trix I, has the unit vectors e, es, ..., ey:

I, = ((e1,€e2,...,€p))

o A lower triangular matriz or left triangular
matriz denotes a matrix A = (a;;) where
all elements a;; with i < j are zero, i.e.

_J O fori<y
=« fori>j

where * denotes any value (including zero).

E.g.
;lg (100)
3 1 2 3 0

e An upper triangular matriz or right trian-
gular matriz denotes a matrix A = (a;;)
where all elements a;; with ¢ > j are zero,
ie.

100
2 20 |,
1 4 3

_J O fori>y
YT % fori<j

where * denotes any value (including zero).
E.g.

S O N
S = W

12.3. Basic matrix operations

Definition 12.3 (Sum of matrices). Two ma-
trices A = (aij)m,n and B = (b;j)m n are added
by adding their elements:

A + B = (ai]’ + bij)m,n

<
Example 12.1.
1 2 76 8 8
34|+ 3 3 |=167
5 6 0 1 5 7
<
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Definition 12.4 (Multiplication with scalar).
A matrix A = (aij)m,n is multiplied by a scalar
A € K by multiplying its elements with A:

A A= ()\ . aij)mm

Example 12.2.
3. 121\ (3 6 3
32 1) \9 6 3

Definition 12.5 (Transpose of a matrix). The
transpose of a matrix A = (a;j)mn is a n x m-
matrix with switched rows and columns, i.e.

<

a11G21° " Gm1
a12G22° " Gm2

a1 a12 - Ain
a21 22+ A2n

AT — —

Am1Gm2* * * Amn A1nQG2n° * * Gmn

<
Example 12.3. With
1 2 3
A_<4 5 6)
we get
T 1 4
AT:<i 2 2) =25
3 6
<

12.4. Matrix multiplication

Definition 12.6 (Matrix product). Let A =
(@ij)m,n and B = (bjj)np be two matrices. We
define the product C' = (¢;jj)mp of A and B by

C=A-B

(Cij)mp = (Z aik’?kj)
k=1

m7p

<

Remark: The number of columns of the left
matrix must equal the number of rows of the
right matrix. The product may be written with-
out the dot: A-B = AB.
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¢ ------ bi1 bi2 biz bus
1 + = B
o= \ba1 by Doz b
S o
air a2 €11 €12 €13 C14
- _— k- - - - - | '
A= a21 a2 C21 C22 C23 C24 | =(C

as1 asm c31 6%33 c34

c23 = ag1 - b1z + az - ba3

Example 12.4. With A = < 2 16 ) and

4 3 5
3 2
B=| 4 5 | whatis A- B?
2 1

With

ba1  bao
a1 @ a3

b31  b32
[ c1 cr2
c21 €22

we have:

o a4 a bi1 bio
A-B— 11 a2 13>.

c11 = a11bi1 + a12b21 + aizbs = 22
c12 = a11bi2 + ai2baz + aizbzr =15
c21 = a21b11 + ageba1 + aggbs = 34
c22 = a21b12 + agebaa + agzbzy = 28

22 15
Hence: A-B—<34 28> <

Theorem 12.7 (Calculation rules for matrix
product). For the matrix product we have:

e With A,B € M(m x n,K) and C,D €
M(n x p,K) we have:
A(C+D)=AC+ AD and
(A+ B)C = AC + BC

e With A € M(m x n,K) and B € M(n x
p,K) and A € K we have:
A(AB) = (MA)B = \(4B)

e With A € M(m xn,K), B € M(n x p,K)
and C € M(p x ¢,K) we have:
(AB)C = A(BC)

e With A € M(m x n,K) we have:
A-I,=A and I, - A=A
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Remark: 1.e. matrix multiplication is distribu-
tive over addition, is associative and has the
identity matrix as neutral factor. However, the
law of commutativity does not hold!

Column- or row-vectors may be looked at as
matrices with one column or one row, respec-
tively. Hence, we may multiply matrices with
vectors under the same conditions as the matrix
product.

The product of a matrix with a column-vector
results in another column-vector. The number
of columns of the matrix must equal the number
of elements of the column-vector to be multi-
plied. The product column-vector has as many
elements as the matrix has rows.

Yo = @21 - T1 + a2 - T2 + a3 - T3

The product of a row-vector with a matrix
results in another row-vector. The number of
elements of the row-vector to be multiplied must
equal the number of rows of the matrix. The
product row-vector has as many elements as the
matrix has columns.

€ ajlp ai2 a3 ai4
o« —-mo - a21 @22 23 a24 | = A
e« ----\a31 32 a33 Aa34
| ! ‘

R

xr = (l“l,l‘g,.rg) 77777777 ( yilf,y2‘,y3,y4) =Yy

Yo = T1 - a2 + T2 - a2 + T3 - a3z

We may also multiply a row-vector with a
column-vector and vice versa. Again, the num-
ber of columns of the left factor must equal the
number of rows of the right factor.

If we multiply a row-vector with a column-
vector, both with the same number of elements,
the product is a scalar, i.e. an element of K.
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"_|: ********* Y1
: .:i- ****** Y2 |=Y
o\

v= (@i ez,23) a

a=x1 Y1 +T2 Y2+ T3-Y3

Multiplying a column-vector with a row-
vector, both with arbitrary number of elements,
results in a matrix. The number of rows and
columns of the resulting matrix equals the num-
ber of elements of column and row vector, re-
spectively.

e (V1,Y2,U3,%) =Y
| | }
I | |
|

T a1l a2 @13 G14

- U - '

T=| %2 | (G221 Q22 Q23 Q24 | =LY

3 as1 a3z /a33 asq

a23 = T2 Y3

Definition 12.8 (Inverse matrix).

If for a square matrix A € (n x n,K) there exist
a matrix B € (n x n,K) such that

A-B=1,

we say B is the inverse of A and denote the
inverse matriz by A~'. If for a matrix A there
exist an inverse matrix A~! we call it an invert-
ible matrizx. <

Theorem 12.9 (Calculation rules for inverse
matrices). For matrices A, B € M(n x n,K)

with existing inverse A=, B~ we have:

e The inverse of the inverse is the matrix it-
self:
(a) 7 = 4

e The product of a matrix with its inverse is
commutative:

A-At=A"1A=1,
e The inverse of a product of matrices is

the product of the inverse matrices with
switched factors:

(A-B)y"t=B"1.471
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e The identity matrix is the inverse of itself:

<
Remark: We will see further down how to eval-

uate the inverse of a matrix.

12.5. System of linear equations
and matrices

Example 12.5. Let us look at the following
equation:

A . xT = b
ail a2 a13 o b1
a1 g azs | ) bo
azy asz as3 . b3
Q41 Q42 Q43 by

We have a matrix A = (aj;)a,3 for the coef-
ficients, a column-vector = (x1,x2,x2)" for
the unknowns and another column-vector b =
(b1, b2, b3, by)T for the constants. We solve this
separately for the elements of b and get

a11r1 + a12w2 + aizrz = by
ao1T1 + a2 + a3r3 = bo
az1r1 + azry + aszrz = b3
agT1 + a42T2 + ag3r3 = by

which is the set-up of a system on linear equa-
tions, SLE, as introduced in the previous chap-
ter. <

The example shows that we may use a matrix
product to evaluate for a given matrix A and
a column-vector x the column-vector . How-
ever, for an SLE we want to do it the other way
round: For a given matrix A and a column-
vector b we want to derive the column-vector x.
We take the matrix equation for the SLE and
multiply both sides by the inverse matrix A~!:

A-x=b
ATV A=A
I,-x=A""1b
r=A"1"b

Hence, if we find the inverse A~! of the coef-
ficient matrix A of an SLE, we directly may
derive the unknowns x for the constants b.

February 26, 2022



12.6. Matrix inversion

For an invertible matrix A = (a;;), we want to
evaluate the inverse A~! = (aj;)n- By definition
we have:

-1
A- A =1,
We express A~! by its column-vectors cj =
/ / 1 \T.
(alj, Ay e e e anj) :
/ / /
a1 G2 - Ay
/ / /
Al Qg1 Qg -+ Qg
/ / /
An1 Qp2 " Gpp
/ !/
a1y O1n
!/
Ay Qan
= : 9000y :
/ /
Ap1 Apn
= ((c1,c2,...,¢p))

We do the same for the identity matrix I,
and express it by its unit-vectors e;:

10 --- 0
01 --- 0
0 0 1
1 0
0 0
0 1
= ((61,62, PN ,en))
Now we get
A-((c1,62,...,¢n)) = ((e1,€2,...,€))

Column j of a matrix product depends only
on the left factor and column j of the right fac-
tor. Le. the column vector e; of the identity
matrix depends only on matrix A and column
vector ¢; of the inverted matrix A~1. All other
columns of the inverted matrix have no influ-
ence on column j of the product. Hence, we
may separate the equation into a set of n prod-
ucts of a matrix with column-vectors:

A . Cj = ej
, :
al . :
1
i’ 0
Ao th
A i = 1 + j" element
,3 0
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forj=1,...,n.

Each of these n products may be solved for
the column vector ¢; like an SLE. However,
since the process is quite similar each time we
combine all SLEs into one large extended coef-
ficient matrix:

ail; a2 ... Qin 1 0 . 0
az; agy ... Qa9n 0 1 . 0
anl1 AAp2 ... Qpn 0O o0 ... 1

After performing the Gauss-Jordan elimina-
tion we get on the right-hand-side the inverse
matrix A~

/ / /
10 ... 0jay; ayp ... ay,

/ / /
0 1 0|ay ay ... ay,

!/ / /
0 0 1la, ap, G,

Example 12.6. For the SLE

20+ y+ 2=17
T+ 2y + z =38
T+ y+22=9

we want to derive the inverse coefficient matrix.
I.e. we neglect the constants in the first place
and use them only at the end together with the
inverse matrix to evaluate the unknowns.

We create the extended coefficient matrix and
apply Gauss-Jordan elimination:

2 1 1110 0)\-3
12 1[0 10
112001
1 111
1 5 5/5 00
=12 1{0 1 0 |—-Ry
1 1 2/(001)/)-R
1 1 1 L 09 0
N VS S RO
A ’
03 3/-3 01
1 1] 1 1
:»01§—%§0
1 1
03 5]-z 0 1/-3R
1ol 2 -+o
SEERIE IR
3
00 3]-35 -3 /%
A A O O 5
3
00 1f-3 —3 1
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1oo| %

=(010|-7 3§ —3

1 1 3

00 1{-3 -5 %

Thus, we get the inverse matrix:
R N
Al=11 21 = - % —é
12 -7 i 1

With the inverse matrix A~ and the constants
b=(7,8,9)T we evaluate the three unknowns:

3 1 1
A T T .
I O A W A
1 "1 1 z
Le.
z=3.7-2.8-12.9=1
y=—1-7T+3.8-1.9=2
z=—1-7T-7-8+%2.9=3 <
Example 12.7. The SLE
2¢c + y + z =4
T+ 2y + 2z =

T+ y+2z2=1

is equal to the SLE of the previous example ex-
cept for the constant vector b. Hence, to derive
the unknowns we may take the inverse matrix
A~1 of the previous example and the constant
vector b= (4,3, 1)T:

3 1 1
[ A O !
B A I U B
—1 T1 1 1 z
ie. =2, y=1 and z=-1 <

12.7. Rank of a matrix

If a row-vector of a matrix can be expressed by
a sum of multiples of other row-vectors, we say
the row is linear dependent on the other rows.
In terms of solving an SLE such a row-vector
does not contain any information that is not
contained in the other row-vectors. We express
this by a general definition of linear dependence:

Definition 12.10 (Linear dependence and in-
dependence). If for a set of vectors vy,..., vy, €
K" there exist a set of scalars Ay,..., Ay, € K
with at least one of them not being zero where

A U1+ v+ o+ AUy, =0

86

we say these vectors are linear dependent. If the
above equation holds only for the trivial case,
i.e. all scalars are zero, we say the vectors are
linear independent. <

When changing into its reduced row echelon
form, a matrix with linear dependent rows will
show zero rows whereas a matrix with linear
independent rows will show no zero rows.

Hence, the reduced row echelon form of a ma-
trix shows by its zero rows whether rows of the
matrix are linear dependent or not.

Linear dependent rows of an SLE may be re-
moved without changing the values of its un-
knowns.

Theorem 12.11 (Number of linear indepen-
dent rows and columns). For a matrix A €
M (m x n,K) the number of linear independent
rows and columns are equal. <

Definition 12.12 (Rank of a matrix). We
call the number of linear independent rows (or
columns) the rank of a matriz.

For a matrix A we write: rank(A) . <

Remark: The rank of a matrix equals the num-
ber of non-zero rows in its reduced row echelon
form.

Theorem 12.13 (Rank and solutions of an
SLE). Let A € M(m x n,K) be the coefficient
matrix and (A | b) € M(m x n+ 1,K) be the
extended coefficient matrix of an SLE with m
equations and n unknowns. The SLE has

e 10 solution if

rank(A) # rank(A | b)

e a single solution if

rank(A) = rank(A | b) = n

e an infinite number of solutions if

rank(A) = rank(A | b) <n
<

Example 12.8. We look at the following SLE:

z+y= 1
y+ 2z =-1
z —z= 1

February 26, 2022



and change its extended coefficient matrix into
its reduced row echelon form:

11 0] 1
01 1]-1
10 -1| 1) —Ry
1 1 0| 1\ —-Ry
0 1 1|-1
0 -1 —1| 0/ +Rs
10 -1 2
01 1]-1
00 o0|l-1/ (-1
10 —1] 2
01 1]-1
00 0] 1

With A as the coefficient matrix and (A | b) as
the extended coefficient matrix we get:
rank(A) =2 rank(A | b) =3

Since rank(A) # rank(A|b) the SLE has no so-
lution. <

Example 12.9. We look at the following SLE:

a + 26+ 3c =0
3a + 20+ ¢ =4
a+ b+ c=1

Changing its extended coefficient matrix into
reduced row echelon form we get:

1 0 -1 2
0 1 2| -1
00 O

With A as the coefficient matrix and (A | b) as
the extended coefficient matrix of the SLE we
get:

rank(A) =2 rank(A | b) =2

Since the rank of A and (A4 | b) are equal and
they are less than the number of unknowns we
get an infinite number of solutions. <

Theorem 12.14 (Rank and basic columns).
The rank of a matrix A equals its number of
basic columns of rref(A). <
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12.8. Problems

Problem 12.1: Which of the following state-
ments are true?

1. A diagonal matrix is an identity matrix.

2. The transpose of a square matrix is a
square matrix.

3. A diagonal matrix is a triangular matrix.

4. A matrix which is upper and lower trian-
gular is an identity matrix.

5. An identity matrix is a diagonal matrix.

6. A left triangular matrix is an upper trian-
gular matrix.

7. The transpose of an upper triangular ma-
trix is a left triangular matrix.

8. A matrix which is upper and lower trian-
gular is a diagonal matrix.

9. A zero matrix is a triangular matrix.
10. The transpose of an identity matrix is a

diagonal matrix.

Problem 12.2: Let A € M(2 x 3,K) and
B,C € M(3 x 4,K). Which of the following
statements are true?

1. A-Be M(2x 4,K)

2. B-C € M(3 x4,K)

3. A+ Be M2 x4,K)

4. B+C e M(3 x 4,K)

5. A-(B+C) e M(2x4,K)

6. B-CT € M(3 x 3,K)

7. B-CT € M(4 x 4,K)

8. BT .C e M(3 x 3,K)

9. BT .C € M(4 x 4,K)
Problem 12.3: With

z=(1,2,3) y= (3,317

perform the following multiplications:
3.zl .yt

1. =y
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Problem 12.4: With

x=(1,2,3)
y=(3,4,1,2)7

21 3
A=\ 4 3 2
1 2 3

=N

perform the following multiplications:

1. AT 3. Ay
2. z-A 4. A-Iy

Problem 12.5: Evaluate the following prod-
ucts:

)G
2 (123)

— Ut N
W =~

DO
W

N
S Ot
N———

—
w

Problem 12.6:
following matrices.

1/2 1 1/2
1. (; i) 3. 1 1/2 3/2
1/2 1/2 1

Evaluate the inverse of the

o (1292 ) o
1/4 1/2 51 9

Problem 12.7:
following matrices.

Evaluate the inverse of the

01 2 3
1 01 01
' 2 2 2 2
3210
1 2 -1 -2
-2 1 -1 2
2 -1 -2 2 1
2 -1 1 -1
88

s L 1 1 11 -9
© 40 11 -9 1
11 -9 1 1
1 -1 -1 -2
-1 2 -1 1
Y11 a2 0
-1 1 1 -1
1110
1011
“l1101
1111

Problem 12.8: Is it possible that the rank of
the coefficient matrix of an SLE is larger than
the number of unknowns?

Problem 12.9: Is it possible that the rank
of the extended coefficient matrix of an SLE is
larger than the number of unknowns?

Problem 12.10: Evaluate for the following
SLEs the rank of the coefficient matrix and the
rank of the extended coefficient matrix. What
is the consequence for the solution of the SLEs?

20 — 2y + 22 =0
1. T+ 2y + 22 =1
3y + z =1
2a — 2b 4+ 2¢ = 6
2. a+ 2b + 2c =5
20 + b+ 3c =14
20 — 2v + 2w = 6
u + 2v + 2w = 5
3.
20+ v+ w= 4
u— v - w=—1
20 + 3b + 2¢c + d =4
a+ 2b + 3c + 2d =4
4 3a + 26+ ¢+ d=4
20 + b+ ¢+ 3d =3
a+ b+ 3c+ 2d=3

2x1 + 3z0 + 223 + x4 =
1 + 222 + w3 + 224
5. 31 + 220 + 3x3 + x4 =
21 + o + 2x3 4+ 314
T + x2 + w3 — 214 =

N = O N
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2u + 3v

3u — v
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2w
2w
3w

+

-
S

2x
2z
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13. Determinants

13.1. Introduction

As you may have learned elsewhere, deter-
minants have something to do with matrices.
However, the concept of determinants is older
than the concept of matrices!

The word determinant comes from determine
and it is about to determine whether a system
of linear equations (SLE) is solvable. It was
decades later that an SLE was formalized by
matrices.

The determinant is also useful to determine
the surface of a parallelogram or the volume of a
parallelepiped. Furthermore, determinants may
be used to actually solve an SLE. These are the
topics we want to handle in this chapter.

13.2. Determinant of 2x2 matrix

We look at a system of linear equations (SLE)
with two equations and two unknowns:

ajiry + ajpxy = by

a2171 + agews = by
Under which conditions is this SLE solvable

with a single solution? We solve the SLE with
respect to x1 and x5 and get:

az2b1 — ai2bs

r1 =
ali1a22 — a12a21

a11ba — a21by

To =
a11a22 — A12021

The denominator of both equations are equal
and must be non-zero to derive a unique solu-
tion for z1 and xs, i.e.

ajragy — ajzaz; # 0 (cond. for single sol.)

Hence, to determine whether an SLE is
uniquely solvable we evaluate the so called de-
terminant:

Definition 13.1 (Determinant of 2x2 matrix).
With A = (ai;) € M(2 x 2,K) we call

d a1 a1z \ _
et = a11a22 — (12021
az1 a2

90

the determinant of A. In short we write:

ail a2

det(A4) = 4] = | 7

<

The determinant may be interpreted as the
surface S of a parallelogram spanned by the

two column-vectors v; = (z1,71)7 and vy =
T
(3327112) .
Yy v1 + U2
V2
Y2 |-----
1
: S
1
Y1 |- - (SRS v
1 |
| |
|
l 1 .
xZ9 I X

We separate the parallelogram into an area S
below the two upper lines and an area Ss below
the two lower lines.

Y
N

// S]_
Y1 i
/xg il T’E
2Y2 1Y1
51—%4-.7)11/2"1'72/
1Y1 2Y2
SQ:Ty+x2y1+Ty
S=51-5
_ T2Y2 191
—72 + 21y + 9
_nr Y1 — L2Y2
2 21Ty
= T1Y2 — T2Y1

Using the standard notation of a matrix
TioTpo\ (i di2 ) _ oy
Y1 Y2 a1 @22

S = T1Y2 — T2y1 = a11a22 — a12a21

we get
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which looks much like the determinant of A.
However, the determinant of A may take nega-
tive values. Hence we write:

S = | det(A)]

From this graphical representation of the de-
terminant of a 2 X 2 matrix A we can derive the
following properties:

e If the two column-vectors of A are equal,
the determinant of A is zero.

e If the two column-vectors of A point ex-
actly in the same or opposite direction, the
determinant of A is zero.

e If one of the column-vectors of A is zero,
the determinant of A is zero.

13.3. Determinant of 3x3 matrix

We look at an SLE with three equations and
three unknowns.

a1171 + a1aws + a13x3 = by

a2171 + agar2 + a3r3 = by

as1x1 + agzrs + agzrs = b3
When solving towards x1, x2 and x3 we get
some fairly long equations. However, the three
equations all have the same denominator. If

this denominator is non-zero the SLE is solvable
with a single solution:

11022033 + (12023031 + 413021032
— a31a22a13 — (32023011 — A33a21a12 7 0
(condition for single solution)

Hence, to determine whether the SLE has a
single solution we define the determinant:

Definition 13.2 (Determinant of 3x3 matrix).
With A = (ai;) € M(3 x 3,K) we call

ail a2 a3
det(A) = det as21 a2 a3
aszr as2 ass
= 111022033 + 12023031 + Q13021032
— (31022013 — 32023011 — 33021412
the determinant of A. In short we write:

ail a2 ai3
det(A) = |A| =| a21 aze a3
aszyp asz2 ass
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To memorize the equation we write down the
3 x 3 matrix and repeat column 1 and 2 once
more to the right of the matrix. Now we add
the products of the three diagonals pointing to-
wards south-east and subtract the products of
the three diagonals pointing towards north-east.
This is the rule of Sarrus.

NN

ailp a12 aiz|ailr a2
az1 G22 a3 | a1 22

s
’

a3zr az2 a3z |azr as2

S S

The absolute determinant of a 3 x 3 matrix
A gives the volume V' of a parallelepiped if its
spanning vectors vy, vo and vz are combined as
row- or column-vectors into a matrix, i.e.

V = | det(A)]

We observe:

o if all vectors are equal the determinant is
Z€ero

e if all vectors are on a line or on a plane the
determinant is zero

e if one vector is zero the determinant is zero

Transferred to a matrix we observe: if the
columns or rows are linear dependent, the de-
terminant is zero.

13.4. Determinant of nxn matrix

How do we evaluate the determinant for a
square matrix with arbitrary size? Unfortu-
nately, the rule of Sarrus can not be applied
for matrices larger than 3 x 3. Hence, we need
a general method to evaluate the determinant
of a square matrix. To get there we need the
term minor of a matrix A:

91



Definition 13.3 (Minor of a matrix). The mi-
nor M;; € K of a matrix A € M(n x n,K) is
the determinant of matrix A where row ¢ and
column j have been removed. <

Example 13.1. The matrix

1 2 3

A= 4 5 6

7 8 9

has the minors

56 4 6 4 5
M11_89’ M12—79, M13_78’
23 13 12
M21_89’ M22—79, M23_78’
23 13 12
M31_56’ M32_46’ M33—45,

1.e.

My = -3, My = —6, Mz = -3,
My, = —6,
M31 - _37

Definition 13.4 (Laplace expansion). Let A =
(@ij)n,n and M;; its minors. We define the de-
terminant by

n

det(A) = Z (—1)"a;; M;;

i=1
for any j € {1,...,n} (column expansion) or

n

det(A) = Z (—1)i+jaijMi'
7=1

for any i € {1,...,n} (row expansion). <

Example 13.2. We want to evaluate the de-
terminant of the matrix:

1 3
A= 4 6
7 9

oo Ot N

We use Laplace expansion on the first row:

det(A) = +a11 M1 — a12Miz + a13 M3

5 6 46

:H"sg 79

]t

45
78

92

=1-(-3)—2-(-6)+3-(-3)=0
or on the second column:

det(A) = —a12M12 + aga Moy — aza Mszo

46 13 13
__2"79'%"79‘_8' 46‘
— 2.(—6)4+5-(—12)—8-(—6) =0

<

Remark: When the determinant of a larger
matrix is evaluated it is useful to expand over
rows or columns with many zeros.

Example 13.3. We want to evaluate the de-
terminant of the matrix:

2 4 30
05 30
A= 3 0 4 2
03 50

We chose the last column to apply Laplace ex-
pansion:

,,,,,,,,

2 4 3.0
0.5 310
30 42
‘7(7)”3”57}0

The 2 in row 3 is the only non zero value in
column 4. It is in row three (i = 3) column four
(j =4), i.e. with (=1)3T = —1 we get:

2 4 3
det(A)=-2-10 5 3
035

Then we choose the first column to apply once
more Laplace expansion:

——————

For the 2 in the first row and column we get a
positive sign, hence:

det(A):—2-2-‘ o3 ’

35
——2.2.(5-5-3-3) = —64
<

Although we can not see more than three di-
mensions we generally may look at the absolute
of determinants as the volume of parallelepipeds
spanned by the row- or column-vectors of the
matrices. This gives us a better understanding
for some of the following properties.
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13.5. Properties of determinants

Theorem 13.5 (Properties of determinants).
Let A € M(n x n,K) be a square matrix.

e If two rows or two columns of A are equal:

det(A) =0

e If one row or column of matrix A is zero:

det(A) =0

e If the rows or columns of A are linearly
dependent: det(A4) =0

<

Theorem 13.6 (Determinant and invertible
matrix). A matrix A is invertible if and only
if its determinant is not zero:

det A#0 <« A invertible

<

Theorem 13.7 (Determinants and elementary
row operations). Let A = M(n x n,K) be a
square matrix. We then have for

row switching: With A’ being matrix A with
two rows exchanged we get:

det(A’) = —det(A)

row multiplication: With A’ being matrix A
with one row multiplied by A € K we get:

det(A’) = Adet(A)

row addition: With A’ being matrix A with a
multiple of one row added to another row
we get:

det(A’) = det(A)

<

Theorem 13.8 (Further properties of deter-
minants). Let A, B = M(n x n,K) be square
matrices and A € K. We then have

o det A = det AT

o det(AA) = A\"det A
e det(A-B)=det A-det B

o det(A™!) = (det A)~! for det(A) #0

February 26, 2022
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Theorem 13.9 (Determinant of special matri-
ces).

triangular matrix. The determinant of a trian-
gular matrix is the product of its diagonal
elements:

det Atrlangle

H Gk = a11 - Aa22 -

diagonal matrix. The determinant of a diago-
nal matrix is the product of its diagonal
elements:

H Ak = Q11 A2

det Adlagonal

identity matrix. The determinant of an iden-
tity matrix is one:

det(I,) =1

<
Example 13.4. The determinant of
1 1 2 3
A= 3 0 4 5 is
0 0 6
1
det(Ad)=5-1-4-6=3

<

Example 13.5. For the matrices
1 2 3 1 2 3
A=|2 2 2|, B=|2 2 2
3 1 2 3 45

we want to derive the determinant of their prod-
uct det(A - B).

We discover linear dependency for the rows
of B (row 3 is the sum of the other two), hence:

det(A- B) = det(A) - det(B) = det(4)-0=10
<

Example 13.6. We were able to convert a
square matrix A by elementary row operations
into an identity matrix. We did not exchange
any rows, multiplied rows by the factors A\; = 2,

93



Ay = % and \3 = % and performed some row ad-
ditions. Are we able to derive det(A)?

We investigate the effect of row-operations on
the determinant and find:

det(In) =X -Ay- A3 det(A)

det(l,)
)=y e T

N =
Wl

13.6. Cramer’s rule

Determinants are a useful tool to determine
whether an SLE with n equations and n un-
knowns has a unique solution. But can we use
determinants to actually solve the SLE?

First we look at an SLE with two equations
and two unknowns

a1171 + ajaz2 = by

a21x1 + agxs = by
<6L11 012)'<$1>:<b1)
az1 a2 T2 by
A-x=0D

with the solution:

biraga — baai2

xr1 =
a11a22 — 21012
a11ba — a21b1

o =
a11022 — (21012
In the denominator we find det(A4). The nu-
merator equals the determinant of a modified
matrix A;:

' by a2
_det(Ay) | b2 az
e det(A) | a1 a
as a2

ai; b

_det(Ag) | a:n by
e det(A) | a;1 ai
as G

For A; we replaced column ¢ by the constant
vector b.
The same is possible for larger matrices:

Theorem 13.10 (Cramer’s rule). We consider
a system of linear equations

A-xz=0b

94

with A € M(n x n,K) as the coefficient matrix,
r = (21,...,7,)7 € K" as the vector of un-
knowns and b € K" as the vector of constants.
We then get

det(AZ-)

Ti= ———+

" det(A)
where A; denotes the matrix A where column 1
is replaced by the vector of constants b. <

Example 13.7. We consider the SLE

3r1+ 222 =9
2:61 + 31‘2 =1
and get
A . T = b

(23) (%)= (V)

Applying Cramer’s rule we derive:

9 2
Loodet(A) |1 3] 9.3-1.2
YT det(4) |3 2| 3-3-2-2
2 3
39
det(dy) |2 1| 3.1-2.9
To = = = =-3
det(A) 3 2 3-3-2-2
2 3
<

Although Cramer’s rule is a simple method
to solve an SLE, it is very laborious to perform.
For an SLE with n equations and n unknowns
we must evaluate n + 1 determinants of n x n
matrices.

Hence, in most situations it is more efficient
to bring the extended coefficient matrix into its
reduced row echelon form and then to derive the
unknowns.

13.7. Problems

Problem 13.1: Derive the determinant of the

following matrices.
4 3
o-(27)

=5 1)
o-(3 )

11
=(i1)
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=(31) -(33)

Problem 13.2: Determine the area of the par-
allelograms spanned by the following vectors.

1. v =(1,2) and vy = (—1,3)
2. v =(-3,6) and vy = (2,—4)
3. v =(4,b) and vg = (5,4)

Problem 13.3: Derive the determinant of the
following matrices.

1 21 2 2 2
A= 2 2 2 B=\|2 2 2
11 2 2 2 2
1 00 1 00
C=12 30 D=|10120
4 5 6 0 01
1 2 2 5 2 8
E=|2 4 2 F=|3 41
3 6 2 7T 2 6

Problem 13.4: Determine the volume of
the parallelepiped spanned by the vectors v; =
(1,2,3), va = (2,2,—1) and v3 = (—1, 3, 3).

Problem 13.5: Derive the determinant of the
following matrices.

0 3 3 4
2 3 4 2
A=14 00 2
1 35 1
1 2 4 4
0530
B=1112909
5 4 3 1
1515
2 1 1 2
C=14104
2 3 0 2
3510 3
10320
D=]|20 41 2
201 30
1 545 2

February 26, 2022

Problem 13.6: We applied elementary row
operations on a matrix A and converted it into
an identity matrix. We multiplied rows by the
factors A1 =6, Ay = %, A3 = % and \y = 2. We
exchanged row 1 with row 3 and added multi-
ples of rows to other rows. What is the deter-

minant of A?

Problem 13.7: Let A, B € M(4 x 4,K) with
det(A) = 6 and det(B) = . Solve the following
expressions.

11. det
13. det

1. det(AT) 2. det(BT)
3. det(A™1) 4. det(B™1)
5. det(3A) 6. det(2B)
7. det(2- (A1) 8. det(2-(B7Y))
9. det((2-A)~Y  10. det((2-B)™1)
( (
( (

A-B) 12. det(BT - A)
A-ATH 14. det !

Problem 13.8: Solve the first three SLEs of
problem 11.1 by Cramer’s rule.
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A. Solutions

Solution 1.3:

A.1. Sets and logic

Distributivity over A:

(> AD)V(gAD)
Ve AD
IAD

QAP

o2V Q

0

0

1

1

(@vo)A(qv o)
(Aq) v
o2V D

qv o

INQ

2
1
1
1
0

Solution 1.1:

A B
0
1
0
1

0 0 0]0

7.

0 0[O0

1

Distributivity over V:

A B (C]|5.

Q

~

3

Solution 1.2:

1 )
< -
< Q w
< -
<t = =
(@] o — A [<5) w
I = 2 85 o
S) O — < ? E= R S
) - = ol I<b)
= ~ o oT =
o o o~ . o 0 @ I 3
™ i aWua < n
o o — 2 %m 2
I . E 2 2 =
W.l.l pb M
o [en) — < = 2 S m a
< 2SS 2 o A& B
] ) o . mm o > .
Lo L& 5 5 <2
R - AT
T fg5 2 5%
2 - 228 .
@) 0. = 9 —
n nHE
RSN — =
gV I+ o o
VYV SE V)= === (guy)a(@vi)|= o o -
<=V |~ — o VV |~ o oo
dVV i~ ~ o~ gVV|c oo~
aVvy S~ O R~ o — o
Qq — O - Mo - o —
<C oS~ <<l o —
o~ o3
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2. With d for driver with licence and ¢ for car
we get
=Vd dc : d owns ¢

3. With p for passenger and ¢ for ticket we get

dp =3t : p owns ¢t

Solution 1.6:
1. “There is no problem with no solution.”
—dp : p has no solution

or
—dp Vs : s does not solve p

2. “There exists a person with driving license
that does not own a car.”

dp Ve : d does not own ¢

3. “Not all passengers in public transport
have a valid ticket.”

—Vp 3t :powns t

Solution 1.7: All sets are defined correctly.
Some sets are empty.

Solution 1.8:
1. My ={z eN|z =2k ke N}
2. My={xeN|z=2*2¢cN}

1
3. M3:{$€Q’$:%,/€€N}

2k

4. M4:{$€Q’$:k‘,

k € N}
Solution 1.9:

1. My ={3,6,9,...}

2. My = {1,2,6,24,120,...}
3. Mz ={-2,2}

4. My ={-1,0,2}

Solution 1.10:

February 26, 2022

set A {1,2,3} | {a,b,c,d} | N | N
set B |{1,2,3,4} | {a,b,d} | N | Z
A=1B Vi
AZB| N, v
ACB| VAR
ACB vV V
A58 N
ADB Vv

Solution 1.11:

1. {1,2,34,5,a,b,c} 3. {a,b,c} 5. {4,5,d,e}
2. {1,2,3} 4. {a,b,c}

Solution 1.12:

Solution 1.13:

{(0,0,0),(0,0,1),(0,1,0),(0,1,1),
(1,0,0),(1,0,1),(1,1,0),(1,1,1)}

Solution 1.14:

Solution 1.15:

g
S8 = g
o = 2.9 | =
= S = 3]
2 | 2 5
subset RC A x A Oa | 28| &
{(1,1),(2,2),(3,3)} v v
{(1,1),(1,2),(1,3),
(2,1),(2,2),(2,3), i i
(3,1),(3,2),(3,3)}
{(1,1),(2,1),(2,2), v
(3,2),(3,3)}
{(1,3),(2,2),(3, 1)} v v
{(1,2),(2,2),(3,2)} v v

Solution 1.16: The domain of a function is
the set of all ”‘input”’ elements for which the
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function is defined. All elements of the domain
are mapped to other elements by the function.

The ”‘output”’ of a function are elements of
the codomain. However, the codomain may con-
tain elements that are not mapped to by the
function.

Solution 1.17: We look at a function f : D —
C with domain D and codomain C.

For a given subset of the domain X C D the
1mage set or just image is the set of all elements
that are mapped to from X by the function f.

For a given subset of the codomain ¥ C C
the inverse image set or just inverse image is
the set of all elements of D that are mapped to
elements of Y.

Solution 1.18:

[ g )
Z | e | =
+ Q +
Q o Q
2 = 2
= = =

term = 0 <~

fN=>Naz—3zx+1 Vv

f:Z—NU{0},z— 2?

[ N=>Zxz—x vV

[ Z—>Zx—x ViV Vv

f:R=Rz+— a3 V

f:R—=Rsp,z—exp(z) |

f:Rso = Rz — In(x) Vv

A.2. Natural numbers and
integers

Solution 2.1: See lecture notes

def. 2.3
remark to def. 2.3
def. 2.4
def. 2.5
def. 2.6

AR o

Solution 2.2:

1. 3-41

2. 3-107

3. 2:3.5-7-11-13

4. 2.2.2.2.2.:2.2.2.2.2.2.
2:2-2.2-2
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5. 2:-2-2-2-2-2-3-3-5-5-5:-5-5-95

Solution 2.3:

1.2° 2.24 3.36 4.2 5.0 6. f(x)

Solution 2.4:

a b | ged(a,b) | lem(a, b)

6 8 2 24
30| 20 10 60
14| 15 1 210
39 | 117 39 117
123 | 123 123 123

Solution 2.5: No.

Solution 2.6:

dividend | divisor | quotient | remainder
100 16 6 4
62 7 8 6
156 26 6 0
123 124 0 123
124 123 1 1
1000 3 333 1

Solution 2.7:

1. 115=1-80+35

80 =235+ 10
35=3-10+5
10=2-5+0

gcd(80,115) = 5

2. 768 =1-540+ 228
540 =2-228 4 84
228 =2-84+60

84 =1-60+ 24
60 =224+ 12
24=2-12+0

gcd(768,540) = 12

3. 5471 =4-11934 699
1193 =1-699 + 494
699 =1-494 + 205
494 =2-205 4 84
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205 =2-84+ 37

84=2-37+10

37=3-10+7

10=1-7+3
7T=2-3+1
3=3-1+0

ged(5471,1193) =1

Solution 2.8:

1. 11001002 3. 10019 5. 410 7. 10010
2. 144g 4. 6416 6. 6419 8. 25619

Solution 2.9:

binary | octal | hexadecimal
110111 67 37
101001011100 | 5134 A5C
1111 17 F
110101100011 | 6543 D63
100100011 | 443 123
101010111100 | 5274 ABC

Solution 2.10:

1. Induction start (A;):

Induction step (A4, = Ap4+1): If

k=1 4

then

February 26, 2022

n?-(n+1)2+4(n+1)>

4
(n+1)2- (n? +4n + 4)
4
_ (n+1)* (n+2)?
4

2. Induction start (Aj):
3113421
303
Induction step (A, = Ap41): If
3| n®+2n

then
3/(n+1)P°+2n+1)
Proof:
3/(n+1)P°+2n+1)
31 +3n%+3n+1+2n+2
31n3+2n+3n2 +3n+3
\7_/ \—l,_z
n 3

3. Induction start (A4):

41 > 24
24 > 16

Induction step (A, = Ap41): If
n! > 2"

then
(n+1)! > 2"+

Proof:
m+1)!=_n! (n+1)

>2n

> 9" (n+1)
——
>2

4. Induction start (A):

(2k —1) =12

B

b
Il
_

1=1

Induction step (A, = Ap41): If

(2k — 1) = n?

NE

i

1
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then
n+1
D 2k 1) = (n+1)?
k=1
Proof:
n+1
> (2k-1)
k=1

Solution 2.11: Let N(n) be the number of
possible arrangements of n items.

Induction start (A;): For one item there is
obviously only one option to arrange it in a
chain.

Induction step (4, = Ap4+1): If
N(n)=nl!

then
Nn+1)=(n+1)!

Proof: We assume n items have n! different
arrangements. If we add another item there are
n—+1 options to place it in the chain. For each
position of the last elelment there are n! options
to arrange the other n items. Hence we have:

Nn+1)=(n+1)-Nn)=(n+1)- -n!
=(n+1)! = ok

A.3. Rational and real numbers

Solution 3.1:

1.5€Q 1/2€Q 7n¢Q V3¢Q 1.234567cQ
—5€Q 1/3€Q e¢Q V4cQ 0.142857¢Q

Solution 3.2: a), d), ), g) and h) are true.
b), c¢), e) and i) are false.
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Solution 3.3: If a set X has between any two
different elements a # b an infinite number of
other elements we say the set X is dense.

Solution 3.4: There exist sums with an in-
finite number of rational summands where the
sum is not rational. We call such sums irra-
tional.

The set of real numbers R cover all elements
of the rational numbers Q and the set of irra-
tional numbers. Il.e. The only difference be-
tween Q and R that R contains in addition to
Q these irrational numbers.

Solution 3.5:

1. A1 =(0,00) 4. Ay = (0,00)
2. A2 = [0, OO) 5. A5 = [—1, 1]
3. As = (0,1]
Solution 3.6:
set sup inf
Ay ={1,2,3,4} 4 1
Ay ={-2,0,2,4} 4 —2
As = {-100, 200} 200 | —100
Ay ={3,6,9,...} 00 3
As={...,-1,0,1,2,...} | oo | —
Solution 3.7:
set sup | inf | max | min
A = (0, OO) o0 0 - -
Ay =10,00) | oo | 0 - 0
As = (0,1] 1 0 1 -
A4 = (0, OO) o0 0 - -
As=[-1,1] | 1 | -1 1 -1

Solution 3.8:

1. Ay ={0,1,2,3,...}
2. Ay ={-1,1}
3. Az = {1,9,11,19,21,29,...}

A.4. Complex numbers

Solution 4.1:

1. -1 2§ 3.1 4. —j 5 (=)™ 6. ]
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Solution 4.2:

Solution 4.7:

1.1 2.2 3. —a 4.0 1. 2i7m/12 6. 4
2. 4] 7. 1 eim/12
3. el2m/3 8. 2
Solution 4.3: 4 — 4 9.1
) Imy 5. —1 10. 4
° 24 ®
1 -
Solution 4.8:
T 9 1 1 2 3 Re 1.4 2.4f 3. —1+4j 4.26 5.0 6.13
z2
—1 A °
24
° —2 A Solution 4.9:
1. zp=1,21 =], 20 = —1, 23 = —]j
Solution 4.4: 9 . .
L R0=), 21 = )
a b 2| ® 3. 20=v5,21= V5], 22 = -5, 23 = —/5 ]
2 2 V8 /4
/ 4. 20 =34 3j, z1 = =3+ 3j, 220 = —3 — 3j,
-3 3 V18 3m/4 23 =3—3j
0 2 2 /2
/ 5. 29 = 321:\/> \/>J722:\/§j7
V8 -8 4 —7/4
g = _\[ \/iJ
Solution 4.5: 24 3 25 = \/> \[J,Zﬁ —\[J,
Im A 27 = \/7 fJ
2 -
6. ZOZ\/I+\ﬁj,Z1=—\ﬁ—\/Ij
1 o 2 2 2 2
N e x x . A.5. Sequences
-3 -2 -1 1 2 3 €
—11 Solution 5.1:
22@ -2 ng e (ay) =(3,6,9,12,15,...)
o (by)=1(3,3,255..)
Solutlon 4.62 ° (Cn) — (1,3,6, 10’ 15’ . )
L5+ 5. —46 +9j e (dy) =(1,3,6,10,15,...)
2. 1— 5 6. —1
3. 12 + 5j 7. 13 o (en) = (-1,1,-1,1,-1,...)
4' J 8 0 L4 (fn) - (_ _Ja_j7_ja_j?"')
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Solution 5.2: (b,), (en) and (fy).

Solution 5.3: Fill the following table with /
for the appropriate properties of the sequences
in problem A.5.

o0 a0 o0 o0 ) )
|18 |8 | E| %8| 8| =8
S| 252|288 2|88
$ | 8 RERNEES < | E S
(an)| vV | V ViV
(bn) ViV | VIV
(ecn)| vV | V ViV
(dn)| vV | V ViV
(en)

(fn)|n.d.| nd. |nd.| nd. [nd.| nd.
(9n) | vV vV v

n.d.: Not defined since the function is com-
plex.

Solution 5.4: The given e-neighbourhood is
the set of all real numbers between 2 and %

2
excluding the boundaries, i.e.

U.(2) = (3,3) for e=3
0 1 2—¢ 2 2+4¢
- | \ \ \ \ .
—
Ui2(2)

Solution 5.5: The given e-neighbourhood is
the set of all complex numbers with a distance
on the complex plane of less than % to the com-
plex number j.

Im .,

102

Solution 5.6: If we find for a sequence (ay,)
a value a such that for any € € Ry there is
a position n in the sequence from where on all
elements have a smaller distance to a than ¢
then the sequence is convergent.

Solution 5.7: (b,), (f») and (g,) are conver-
gent, all other are divergent.

Solution 5.8:

A.6. Series

Solution 6.1:

1
a=15 b=2%

o
I
DO
ol=
IS
I
DO
3y

Solution 6.2: Evaluate for the following se-
quences the first 7 elements (n = 0,1,...,6) of
the sequence of partial sums (sp):

. (1,2,3,4,5,6,7,...)

. (0,1,4,9,16, 25,36, ...)
1 3 7 15

. (4,6,7,74, 73,71 718 )

-

1
2
3
4. (0,1,5,14,30,55,91,...)

Solution 6.3:
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Sk,

Wl [N
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|
—
p

»
e

\]

—_
1 1 1
L]

&

1

O NI = N N N

]
—
(\]

Solution 6.4:

a=—e b:%InQ

Solution 6.5:

a = 4095
_ 12047

February 26, 2022

c=2e¢+In2 d=2jln2

c=1365
d=10

Il
— N

NI

~ o
Il

Solution 6.6:

1. false

2. true

3. true

4. true

Solution 6.7:

(] T[e

=~ w

1. compare with:

£
Il
—

2. compare with:

B
Il
—

3. compare with:

4. compare with:

WE
% -

B
Il
—

Solution 6.8:

1. convergent

2. divergent

Solution 6.9:

1. convergent

2. divergent

A.7. Power series

Solution 7.1:

B

(]
=~
7|~

£
Il
o

-~ W

- W

5. false

6. true

= divergent

= convergent

= divergent

= convergent

convergent

convergent

convergent

convergent

f1(z) is a power series

212

~ =

(2)
(2)
3(2)
(2)

is not a power series

is not a power series

fa(z) is a power series

Solution 7.2:

f1(z) is convergent for |z| < 1

f2(z) is convergent for |z| < 3

f3(2) is convergent for |z| < 1
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fa(z) is convergent for |z —j| < 3 fa(t) 4

: 1 ]
[5(2) is convergent for [z — 1| < ; 1

0.5

Solution 7.3:

convergent for

Ja(2): /|z —-jl<i
Y |

i
| 1 < )

convergent for

fs(2) /|z —1] <3

Solution 7.4: The radius of convergence of
the exponential function is infinite, i.e. the ex-
ponential function is convergent for all z € C.

Solution 7.5:

fl (t) \
3 4
Solution 7.6:
2 4
sin? z + cos? 2
11 = (cosz + jsinz) - (cos z — jsin z)
= e ==l =1
0 T T -
0 3 m t
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Solution 7.7:
2jsin(a — b) = (@70 — g=ila=b)
— plag=ib _ piagib
= (cosa + jsina)(cosb — jsinb)
— (cosa — jsina)(cosb + jsinbd)
= cosacosb — jcosasinb
+ jsinacosb +sinasinb
—cosacosb—jcosasinb
+ jsinacosb —sinasinb
= 2jsinacosb+ 2jcosasind

sin(a — b) = sinacosb — cosasinb

2cos(a + b) = el@b) 4 oilath)

= %lb 4 ¢TI0

= (cosa + jsina)(cosb + jsinb)
+ (cosa — jsina)(cosb — jsinb)

=cosacosb+ jcosasinb
+ jsinacosb —sinasinb
4+ cosacosb — jcosasinb
—jsinacosb — sinasinb

= 2cosacosb— 2sinasinb

cos(a + b) = cosacosb —sinasinb

2cos(a — b) = el@70) 4 ¢7i(a=b)
= eIt 4 Il
= (cosa + jsina)(cosb — jsinb)
+ (cosa — jsina)(cosb + jsinb)
= cosacosb — jcosasinb
+ jsinacosb + sinasinb
+ cosacosb+jcosasind
—jsinacosb + sinasinbd
=2cosacosb+ 2sinasinbd

cos(a —b) = cosacosb+ sinasinb

Solution 7.8:
file) =€ fs(p) =€
faolp) =je % fi(p)=1L1e¥ fo(p) =€ =1

Solution 7.9:

xr = $3:1 Iy =

1
2
1

N[ No|wo

To = 1‘4:1 T =

February 26, 2022

A.8. Functions

Solution 8.1:

sin(z) ,
]_A
1. ]
2
0 . \
0 5 r v
Yy
11 0
2
) 1
2 e
/'
///.//
0 - T —>
1 X
0 1 1
VT
2A
]_A
O T T T T
0 1 2 3 4 "
yk
4. N
2
2 0 1 9 v

Solution 8.2:

1. strictly decreasing, not bounded, not sym-
metric, not periodic, no zeros, no extrema.

2. not monotone, bounded, reflection symme-
try, not periodic, no zeros, maximum at
Tmax = 0.
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3. monotonicity not defined, bounded, not
symmetric, periodic over 27, no zeros, ex-
tremum not defined.

4. not monotone, bounded, point symmetry,
periodic over 2w, zeros at Tyeo = km for
k € Z, maxima at Tymax = 27k + 5 for
k € Z, minima at Ty, = 27k — 75 for k € Z.

5. strictly decreasing, not bounded, not sym-
metric, not periodic, zero at T eo = —1, NO
extrema.

6. strictly decreasing, not bounded, not sym-
metric (in the given interval), not periodic
(in the given interval), zero at Tzero = 73,
no extrema

7. strictly increasing, not bounded, point
symmetry, not periodic, zero at xzero = 0,
no extrema

Solution 8.3:

R—R
-1
L f _{ x— Jr+1

Ry — R
1 >2 <0
2. f _{J:r—>— x—2

3. not possible since not bijective.

4. f_l—{ R%(_%7g)

x +— arctan(z)

Solution 8.4: Only the third function is not
continuous.

Solution 8.5: Due to the intermediate value
theorem the function has at least one zero in the
interval (1,2).

A.9. Differential calculus

Solution 9.1:

—_
a‘

106

The function is continuous, but not differen-
tiable.

Solution 9.2:

1. —4x 4. 322 — 2z
2. 3e" 5. cosx
3. 5z + 3v2z? 6. —siny
Solution 9.3:
.22 +z+1 5.0
2 4
2 5 8+§$2+g$3 6 y223
2x 4 2y 7. 2wy’
4. 2y — 2z 8. 3xy’2?
Solution 9.4:
3
-3 —4
1. —2z27° - 32 =34
1 2 3
S R R
_1 _4 2 2
3. 2z 3"‘21’ 3:37\/54‘31'4
1
4oxtrt=a+ =
T
5 1 1 n 1 -3 1 n 1
— —xr 2 =
2 2 2\/5 2/ 3
2
6. 2z 422" =224 —
x
Solution 9.5:
L Qe zt + 322 — 4a
x4+ 222+ 1
2 — 2
2. —tanzsinz 5. R
CoS T er
i — i In(2
3. Si;; +2y/xcosz 6. cos(z) zlzn(x) n(2)

Solution 9.6:

1. 2ze" 4. 2sin(x) cos(z)
1
2. 27 facos(2m ft S, ———
ieos(nft) 5
3. 2r fjie P o) 6. In(3)3" cos(3")
24/sin(3%)
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| '4 |
Solution 9.7: } |
2 224 | r2 |
1. 12z 4. —Arn*feasin(2wft) 00— S B T
2. n3(3)3" 5. 16sin(2%) x ] —
3. In™(m)7® 6. (2njf)aelCritHe) - -2 2 4
1 -2 1
1 4 1
A.10. Polynomials
Solution 10.7:
Solution 10.1: 1. single zeros at {—1,1}, single poles at

{_27 2}

polynomial of order 4
polynomial of order 3 2. single poles at {—2,1}
no polynomial
polynomial of order 2
polynomial of order 0 for x # 0, 4

no polynomial otherwise
6. polynomial of order 100

3. single zeros at {—1,1}, double pole at {2}

A o

. single zeros at {—1}, single poles at {—2},
removable discontinuity at {2} with limit 2

Solution 10.8:
Solution 10.2:

1. polynomial of order 4 fla) = (z —3)(z + 3) 22 _9
2. polynomial of order 7
3. polynomial of order 4
4. polynomial of order 3 Solution 10.9:
5. polynomial of order 12
6. polynomial of order 24 1. flx)=a®+1+ -
x4 —1
3— 3z
Solution 10.3: 2. =2+ l4d -
olution flz)=2"—oz+ +:1;2+x—2
1. 22 -3z +2 3. 22 —5x+6 22
2. 22 —4r+3 4. 22+ 12 -2 3. f($):$3+$2+x3_x2+x_1
4. f(z) =3
Solution 10.4: @)
L. pi(x) =(x —1)(x + 1) Solution 10.10:
2. pa(z) =2z(x+ 1)(xz — 2) 1 1
3. pale) = (& — a)(a— ) )22
4. py(2) = (z — x)? r—1 =x+1
5. ps(x) = (x +1+])(z+1—j) ) 2 1
6. po(z) = (z — 1+ 2j)(z — 1 - 2j)(z — 1) 1@ = s " arae
1 tr—1
Solution 10.5: The polynomial is at least of 3. fla)=—+

2 242 2
second order and has a second zero at z7. T cr

: . 4. — 5 5 5
Solution 10.6: f(z) z+1 + r—1 + 22+ 22 + 2
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Solution 10.11:

2

T
T2(33)=1+x+?

Solution 10.12:

T\(z)=x—-1

A.11. System of Linear equations

Solution 11.1:

Solution 11.2:

108

. No solution since the last row of the rref

shows a contradiction

. Single solution: a =0, b=1, ¢=0

. Since the rref shows no contradiction and

the number of non-zero rows are less than
the number of unknowns we have an infi-
nite number of solutions:

r1=24x3, x9=1-—2x3
Since the rref shows no contradiction and
the number of non-zero rows are less than

the number of unknowns we have an infi-
nite number of solutions:

a=34+c¢, b=-1—2¢, d=-2

. No solution since the last row of the rref

shows a contradiction

A.12. Matrices

Solution 12.1: 2., 3.,5., 7., 8., 9., 10.
Solution 12.2: 1., 4., 5., 6., 9.

Solution 12.3:

3 31
1. 12 3. 6 6 2
9 9 3
36 9
2 3 6 9 4. 12
1 2 3
Solution 12.4:
SRANNT,
1. 3 28
3 2 3 99
2 1 4
21 3 2
2. (13,13,16,16) 4. 4 3 2 1 =A
1 2 3 4
Solution 12.5:
14 20 34
1 <;2 ;; 3. 17 26 49
10 14 23
5 17 27
’ 32 46
Solution 12.6:
1 3 -5
1.(}2 _11>3. 1 -1 1
2 2 -1 -1 3
_3 1 1
—4 12 § ? §
2 ( 2 _4) 4 § 02§
z L 3
Solution 12.7:
1. not invertible
0 3/5 —-1/5 1
5 1 6/5 3/5 1
) 1 1 1 1
0 1 0 1

February 26, 2022



[ ) Y N
=

[NSJ[VUNE

)
N

ID| = 295

12 34 Solution 13.4:  The volume of the paral-
3 2 3 41 lelepiped is 23.
’ 34 1 2
4 1 2 3 Solution 13.5:
1 1 1 0
Al =30 |B|=-135 |C|= —40
L | 23 123 13 4 1Bl <
) 0 0 1/3 1/3
-1/3 0 0 -1/3
1 1 1 -2 Solution 13.6: det(A) = —2
0 —1 0 1 .
D. 0 0 —1 1 Solution 13.7:
-1 0 0 1 1. 6 9.
1
3. 5 4.
Solution 12.8: No 5. % 6.
7. % 8.
Solution 12.9: Yes 9. sT16 10.
Solution 12.10: 11. % 12.
w = 13. 1 14.
s £ o =
g 5 T =
o) X <
- = . = solution Solution 13.8:
1. 3 2 2 infinite no. of sol.
2. 3 2 3 no solution L z=1 y=2 2z=3
3. 3 3 3  single so.lut1on 9. a=1, b=-1, c=-1
4. 4 4 5 no solution
5. 4 3 3 infinite no. of sol. 3. x1=2, w9=0, x3=-2
6. 4 4 4  single solution

A.13. Determinants

Solution 13.1:

|A] = -2 ICl=0 |E| =3
Bl=-2  |D|=1 |F|=0

Solution 13.2: The volumes of the parallelo-
grams are

1.5 2.0 3.9

Solution 13.3:

Al=—-2 |C]=18 |E|=0
IB| =0 ID| =1 |F| = —88

February 26, 2022
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Index

C, 24, 25
K, 31
N, 11
Q, 20
R, 21
Z, 17

absolute complement, 5
absolute convergent, 41
absolute function, 52
absolute uncertainty, 71
absolute value, 23

Achilles and the tortoise, 37

addition theorem, 49
almost all, 41
alternating series test, 43
arg(), 26
argument, 6, 26
associativity, 2
integers, 17
natural numbers, 11
rational numbers, 20

basic column, 78

basic derivatives, 60
Bernoulli’s inequality, 16
bijective, 8

binary operator, 2
binary relation, 6
bisection method, 56
bounded function, 53
bounded sequence, 32

Cartesian product, 5
Cauchy root test, 42
Cauchy’s radical test, 42
chain rule, 61
closed interval, 22
closure

integers, 17

natural numbers, 11

rational numbers, 20
codomain, 6
coefficient matrix, 76
column-vector, 82
commutativity, 2

110

integers, 17

natural numbers, 11

rational numbers, 20
comparison test, 41
complement, 5
complex conjugates, 27
complex number, 24
complex plane, 25
complex-valued function, 52
composed function, 54
composition, 54
compound statements, 1
conjugate, 27
conjugate complex zeros, 66
conjugation, 27
conjunction, 1
constant function, 7, 52
constant sequence, 31
continuity, 56
continuous function, 56
convergence

of power series, 45

of sequences, 32

of series, 39
cos(), 47
cosecant, 50
cosine by exponatial function, 48
cosine function, 47
cot(), 49
cotangent function, 49
Cramer’s rule, 94

De Morgan, 2
decreasing

function, 53

sequence, 32
definite divergence, 34
derivative, 58
determinant

n X n matrix, 91

2x2 matrix, 90

3% 3 matrix, 91
diagonal matrix, 82
differentiability, 58
differentiable, 58
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disjunction, 1
distributivity, 2
integers, 17
natural numbers, 11
rational numbers, 20
divergence
of power series, 45
of sequences, 33
of series, 39
dividend, 13
divisor, 11, 13
domain, 6

elementary row operations, 76
empty set, 4
epsilon-neighbourhood, 32
equivalence, 1

Euclidean algorithm, 13
Euler’s number, 39

even number, 11

existential quantifier, 3

exp(), 46

expansion point, 45, 71
exponential function, 46
extended coefficient matrix, 76
extensional definition, 4
extremum, 54

false, 1

finite interval, 22
function, 6, 52

function composition, 54

fundamental theorem of algebra, 65

Gauss-Jordan elimination, 76
Gaussian sum, 16
geometric series, 40
geometric sum, 16, 40
global
extremum, 54
maximum, 54
minimum, 54
greatest common divisor, 12
greatest lower bound, 22

harmonic series, 38, 39, 41, 43
Heron’s method, 15
homogeneous SLE, 75

i (imaginary unit), 24
identity function, 7, 52
identity matrix, 82

if and only if, 2

iff, 2

February 26, 2022

image of function f, 7
image set, 7
imaginary number, 24
imaginary part, 25
imaginary unit, 24
implication, 1
increasing

function, 53

sequence, 32
indirect proof, 3
induction start, 15
induction step, 15
inf(), 22
infimum, 22
infinite interval, 22
inhomogeneous

SLE, 75

vector, 76
injective, 7
integers, 17
intensional definition, 4
intermediate value theorem, 56
intersection, 5
intervals, 22
inverse element

integers, 17

rational numbers, 20
inverse function, 8, 55
inverse image set, 7
inverse matrix, 85
invertible matrix, 85
irrational number, 21

j (imaginary unit), 24

I’Hépital’s rule, 67
Laplace expansion, 92
least common multiple, 12
least upper bound, 22
left open interval, 22
left triangular matrix, 83
left-distributive, 2
left-sided limit, 56
Leibniz criterion, 43
Leibniz series, 38
Leibniz test, 43
less or equal, 21
limit

of a function, 55

of a sequence, 33
linear

dependence, 87

independence, 87



local
extremum, 54
maximum, 53
minimum, 54

logic, 1

lower triangular matrix, 83

main theorem of power series, 45

mathematical induction, 15

matrix, 82
and SLE, 85
inversion, 86
product, 83

max(), 22

maximum, 22

mean value theorem, 61

min(), 22

minimum, 22

minor of a matrix, 92

monotone
function, 53
sequence, 32

Monotonicity, 53

multiple, 11

multiple zero, 65

multiplication
column-vector with row-vector, 85
matrix with column-vector, 84
matrix with matrix, 83
matrix with scalar, 83
row-vector with column-vector, 84
row-vector with matrix, 84

necessary condition, 1
negation, 1
negative numbers, 17
neutral element

integers, 17

natural numbers, 11

rational numbers, 20
non-basic column, 78
non-trivial divisors, 11

odd number, 11
one-sided limit, 56
open interval, 22
order relation, 21

partial faction decomposition, 68
partial fractions
for complex zeros of denominator, 70
for real zeros of denominator, 69
partial sum, 38
Pascal’s triangle, 18

112

periodicity, 53

point symmetry, 53
polar form, 26

pole, 67

polynomial, 64
polynomial function, 64

positional
notation, 14
system, 14

power series, 45

powers of complex numbers, 28
prime factor, 11

prime number, 11

product of sequences, 12
propagation of uncertainty, 71
proper subset, 4

quotient, 13

radius of convergence, 46
rank
and solutions of an SLE, 87
of a matrix, 87
rank(), 87
ratio test, 42
rational function, 67
rational numbers, 20
rational root theorem, 66
real numbers, 21
real part, 25
real-valued function, 52
reduced row echelon form, 77
reflection symmetry, 53
relative uncertainty, 71
remainder, 13
removable discontinuity, 68
right open interval, 22
right triangular matrix, 83
right-distributive, 2
right-sided limit, 56
Roman numerals, 13
root test, 42
roots of complex numbers, 28
row addition, 76
row multiplication, 76
row switching, 76
row-vector, 82
rref(), 77
rule of Sarrus, 91

secant, 50
second derivative, 62
sequence, 31

of partial sums, 38
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series, 38

series element, 38
set, 3

sign function, 56
sin(), 47

sine by exponatial function, 48
sine function, 47
SLE, 75
and matrix, 85
solution behaviour of an SLE, 78
solution vector, 76
square-matrix, 82
statement, 1
strictly
decreasing
function, 53
sequence, 32
increasing
function, 53
sequence, 32
monotone
function, 53
sequence, 32
subset, 4
sufficient condition, 1
sum
of matrices, 83
of sequences, 14
sup(), 22
supremum, 22
surface of parallelogram, 90
surjective, 8
symmetric function, 53
system of linear equations, 75

tan(), 49

tangent function, 49
Taylor polynomial, 71
totally ordered set, 25
transpose, 83
triangular matrix, 83
trivial divisors, 11
true, 1

tuple, 5

unary operator, 2
uncertainty

propagation of, 71
union, 5
unit-vectors, 83
universal quantifier, 3
upper triangular matrix, 83

value, 6
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volume of parallelepiped, 91

zero, 17
matrix, 82
of a function, 53
of a polynomial, 65
of a rational function, 67
sequence, 33
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